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Chapter 1 
INTRODUCTION 
The complex nature of a gravity dam including its galleries, drain - 
holes, roads and ancillary buildings, the variable nature of concrete, the 
heterogeneous foundation, the indeterminacy of the forces acting on the dam 
including the restraint of the foundation and abutments, all lead to a 
three -dimensional problem as complex and insolvable in exact terms as could 
possibly be met in engineering design. The design of gravity dams is then, 
of necessity, based upon a number of simplifying assumptions, perhaps the 
most important of which is to consider the problem in two dimensions and 
limit calculations to finding the stress distribution on a cross -section at 
right angles to the longitudinal axis of the dam. If the dam and founda- 
tion are considered to be made of one homogeneous, elastic material, an 
exact solution is then theoretically possible if the applied forces are 
known. It is not generally possible to determine exactly the magnitude of 
the applied forces which consist mainly of the weight of the material, the 
internal and external action of the impounded water, and in some locations 
ice pressure, silt pressure and earthquake shocks. In addition the uneven 
cooling and shrinkage of concrete set up forces which are inherent in 
massive structures. The dependence of most of these forces on the elements 
of nature makes them subject to uncertain variation, but in most cases a 
good degree of approximation can be reached. This is the result of many 
years of exhaustive research which has reduced enormously the approximation 
and guesswork in early dam designs. 
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It is paradoxical that the action of water pressure, which the dam, 
primarily, is meant to withstand, should have been misunderstood through 
centuries of dam building and even to -day eludes complete understanding. 
The early dams were built like walls, with broad rectangular profiles 
intended to resist the horizontal thrust of water in their impounded 
reservoirs. These structures, "designed" by purely empirical methods, 
generally possessed factors of safety far in excess of those permitted by 
present day economy or demanded by present day practice. With the advent 
of competitive industry and the development of mechanical sciences, dam 
design became more scientific. 
Because the horizontal thrust of water on a structure increases 
linearly with depth, it was soon realised that the ideal profile for a dam 
was a triangle with a vertical upstream face. Dam profiles, therefore, 
became gradually more slender, tending towards the ideal shape, and in the 
latter part of the 19th century this reduction reached a significant stage. 
Around the turn of the century a number of large dams in Europe and in 
the United States of America failed because of the movement downstream of 
one of their sections and the subsequent collapse of the remaining struc- 
ture under the onrushing water. The resulting loss of life and property was 
catastrophic and serious investigations had to be made into the causes. 
It was gradually realised, as postulated by a few advanced thinkers of 
that time, notably Levy25 in France and Intze 3 in Germany, that water 
under pressure could not only push horizontally on the structure but could 
also penetrate into the concrete or masonry of the dam and its foundation 
probably, it was thought, through cracks and fissures, and so cause an up- 
ward as well as a forward overturning force. This upward or "uplift" 
force reduced the effeptive weight of the dam and diminished the shear 
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resistance at its base. 
The uplift theory was too revolutionary to be immediately and 
universally accepted. Dams had been built successfully for hundreds of 
years assuming that the entry of water into a properly constructed dam or 
its foundation was impossible, or at least confined to local fissures and 
negligible in overall effect. It was not long, however, before evidence 
established that water under pressure did exist within "solid" dams, at 
least near the foundation. Hollow pipes were built into new structures, 
connecting inspection galleries with holes drilled through the joint bet- 
ween dam and foundation. Some time after impounding the reservoir these 
holes were found to fill with water which rose up the pipesto heights which 
indicated considerable water pressure at the foundation. The evidence of 
these measurements firmly established the reality of water under pressure 
beneath a structure and the resultant uplift force.* 
Importance of Uplift. 
The importance of uplift compared with the other applied forces can be 
clearly seen from a few simple stress diagrams for an idealised triangular 
dam profile with a vertical water face. The diagrams in Figure 1 show the 
vertical stresses on the base section caused by (i) the weight of the 
material and the horizontal thrust of the water, (ii) uplift pressure, 
(iii) silt pressure, (iv) ice pressure. 
Stress Calculations. 
It will be assumed here that the stress distribution is linear over 
all sections, an assumption which is sufficiently accurate for the purpose 
of comparison. It is discussed in relation to exact elastic analysis in 
*See for example reference 16 bibliography. 
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the introduction to Chapter 6. 
a) Weight of masonr. w and horizontal thrust P._ 
Datas Apex angle = 40 
0 
9 
total height, h = 100 feet; base width, 
b = 83.9; specific gravity of masonry= 2.42; weight of water =6.25 
lb. /cu.ft. Stress due to weight of masonry at upstream end 
100 x 2.42 x 62.5 = 4-105.0 lb. /sq.in. 
144 
This stress decreases linearly to zero at the downstream end of the 
section. Horizontal thrust, P = w h2 =312,500 lb. Bending moment, 
2 
M = 312,500 x 100/3 ft. lb. Section modulus, Z =b2 (1 foot wide 
strip) = 1,174 ft. units. Maximum stress = M/Z = 4-61.6 lb. /sq.in. 
Nett stress due to weight of masonry and horizontal thrust is then 
+43.4 lb. /sq.in. at upstream end and + 61.6 lb. /sq.in. at downstream 
end. (See Figure la). 
b) Uplift. "Full uplift" is assumed, i.e., a linear variation from 
full reservoir pressure at the upstream end to zero at the downstream 
end acting over 100% of the area of the section. For design purposes 
this is generally considered the most severe case likely to develop. 
In this case the resulting stress is identical in magnitude and 
distribution to the uplift pressure (see Figure lb). Maximum stress 
= wh= -43.4 lb./sq.in. 
c) Silt pressure. The dam is considered to be silted up to half its 
height, a severe condition which would not normally be anticipated. 
Submerged density of silt, 
wsub = 70 
lb./cu.ft. Angle of internal 
friction of silt, O =0°. The horizontal thrust Ps, caused by the 
silt is given by the Rankine formula 
5 
2 
Ps wsubh (1 - sin 0) = 87,500 lb. (h in this case being the depth 
2 (1 + sin 0) 
of the silt). Bending moment, M = 87,500 x 50/3 ft.lb. Maximum 
stress = M/Z = ±.8.6 lb. /scQ.in. (See Figure lc). 
d) Ice pressure. A pressure of 5,000 lb. /ft. run is assumed to act at 
the top of the dam. This is the upper limit of Professor E. Brown's 
recommendation of 3,000 to 5,000 lb. /ft. run, used in general 
practice.7 Bending moment, M = 5,000 x 100 ft. lb. Maximum stress 
= M/Z = +3.0 lb. sq_.in. (Sec Figure 1d). 
Uplift is a constant threat to the stability of a dam, not merely a 
locational or occasional one such as silt and ice pressure. Figure 1 
clearly demonstrates that its magnitude makes uplift one of the fundamental 
factors in dam design and as such it demands the fullest attention and 
investigation. 
Ut 
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Chapter 2 
EARLY AND MODERN CONCEPTIONS OF UPLIFT 
Present -day knowledge of uplift can be attributed largely to dis- 
coveries which first achieved wide publicity and caused a profound change 
of thought during the 1930's. These discoveries showed that the early 
ideas of the mechanics of uplift action were wrong. Thereafter investiga- 
tionswere set along lines which have led to a much better understanding of 
the subject. To appreciate how this came about something should be known 
of the early theories which were not without value. 
One of the first significant papers on uplift was that by Maurice Levy 
presented to the French Academy of Sciences in 1895. 4 Prior to the 
recognition of uplift, in order to eliminate tensile stress, dams had been 
designed by the middle -third rule, i.e. (Figure 2) provided the resultant R 
of the horizontal thrust P and the weight of the dam W fell within the 
middle -third of a horizontal section AA, no tension would develop at the 
upstream end of the section. This is a form of the well -known middle - 
third rule for an eccentrically loaded column. The line of action of R 
meets the section at a point X; provided X lies within the middle third, 
the total vertical component V, (numerically equal to W) also lies within 
the middle third and no tensile stress will develop at the upstream face. 
This rule is quite legitimate for an impervious structure, but Levy 
pointed out that it was inadequate when uplift forces were acting. Any 
appreciable uplift force U would reduce the effective vertical component V, 
Lnd the resultant R of all forces acting on AA would almost certainly be 
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pushed outside the middle -third. Levy visualized water entering a crack 
in the face of the dam, (caused for example by temperature expansion and 
contraction), and penetrating into the structure under full hydrostatic 
head. The result of this wedging action would be an uplift force, a 
vertical tensile stress at the upstream face and the danger of progressive 
'failure as the water penetrated further into the crack. To prevent this 
occurrence Levy recommended that the dam should be so designed to create a 
vertical compressive stress at all elevations of the upstream face equal at 
least to the hydrostatic pressure in the reservoir. In this way all 
fissures in the material would be so tightly closed that water would be 
unable to enter. 
Levy's rule was applied for many years, especially in France, until 
practice showed that it was excessive and led to costly sections, partic- 
ularly when uplift relieving devices were employed. The reason for this 
was an erroneous conception of the mechanics of uplift action which.only 
became generally recognised thirty to forty years later. 
Hater Pressure as an Internal Force. 
P. Fillunger in 19139 was the first to advance the theory that water 
.lould penetrate into a masonry dam independently of cracks in the structure, 
simply because masonry, and particularly the cement matrix, is porous. In 
;his way uplift could be caused by the presence of water under pressure in 
;he pores, and some at least of the horizontal thrust on the dam would 
trise from friction between the penetrating water and the internal surfaces 
>f the masonry. 
Fillunger's theory did not receive general recognition until many 
'ears later as the literature of that time shows. This may have been 
ertly because it was published in an Austrian engineering journal and not 
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widely read, and partly because engineers were unwilling to immediately 
accept the idea that the whole structure of a masonry dam was porous. As 
late as 1934 Do C. Henny 
16 
published a paper on the stability of gravity 
dams in which his views on uplift action differ very little from those of 
Levy in 1895, This paper was hailed by prominent members of the profes- 
sion as a great advance in clarifying the various problems in dam design, 
among them uplift. Henny acknowledges that water might penetrate a dam 
because of the porosity of the material and quotes experiments which prove 
that it is porous, but he maintains that uplift pressures develop primarily 
from the entry of water into cracks and fissure. 
A feature of the uplift phenomenon which troubled Henny and his 
predecessors and is still in dispute today is the area factor, i.e. THE 
PROPORTION OF THE AREA OF A PLANE SECTION ON WHICH UPLIFT SHOULD BE ASSUMED 
TO ACT FOR THE PURPOSE OF STRESS CALCULATIONS. If uplift were mainly due 
to the pressure of water in fissures, then the area factor is indetermin- 
able. (Henny attempted to estimate a maximum value for the area factor by 
considering the stresses acting in a number of existing dams which were con- 
sidered to be stable. He arrived at a value of 40 %). If some uplift 
develops in the pores of the concrete then in this region the area factor, 
according to Henny, is the proportion of voids cut by a plane section. 
This proportion is statistically the same as the volumetric porosity of 
the material which, in ordinary concrete, is about 12 %. It was assumed 
that the equivalent area factor applying to uplift caused by fissures, 
although it was indeterminate, would be considerably greater than 12% and 
3o uplift in the pores of the material was of little consequence. The 
area factor will be discussed in much greater detail in Chapter 4, but 
3enny's views are discussed here because his paper was the last one of 
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importance belonging, so far as uplift is concerned, to the "old" school 
of thought which had not changed basically since Levy's time. 
Fillunger's theory, which he reiterated at the Second World Power 
Conference in 19309 began to receive some attention at this time. 
Fillunger believed that the area factor was equal to the difference in 
porosity between the cement matrix and the masonry of the dam as a whole. 
This idea is now known to be wrong, but his theory that water pressure acts 
as an internal force within the natural voids of a dam was gradually 
accepted as being essentially correct. Fillunger's idea of internal pore 
pressure was not identical with the present day conception. He believed 
that high uplift pressure were likely to develop in regions of high perme- 
ability, but that such regions need not necessarily exist in a well 
constructed dam. 
Credit for firmly establishing the theory of internal pore pressure 
must go largely to K. Terzaghi. In a paper published in 193633 Terzaghi 
took the bold step of plainly stating that because masonry or concrete are 
porous materials, a continuous but imperceptible flow of water passes 
through a dam from the upstream to the downstream face. Evaporation 
occurs at the downstream face as soon as the water arrives there, so that 
it never appeares wet. Uplift is due primarily to the presence of water 
in the pores of the material, and the area factor, as shown by his labora- 
tory experiments, has a very high value and is in no way associated with 
the porosity of the material. Measurements made subsequently at existing 
structures confirm that water penetrates deeply into the dam and that high 
water pressures develop in the voids. 
The discoveries of Fillunger and Terzaghi made Levy's hypothetical 
racks unnecessary to the conception of uplift. It became evident that 
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uplift would exist in any part of the structure where water could penetrate, 
irrespective of the state of stress, and was caused by pore pressure rather 
than the wedging action associated with Levy's theory. The value of the 
latter's theory is that of pioneering work, for it was the first successful 
attempt to approach the problem in a rational manner and provide a basis 
for safe designe 
Horizontal Thrust, 
It had always been assumed by designers of dams that the horizontal 
thrust of the water in the reservoir was exerted entirely on the upstream 
face. In view of the new knowledge of pore pressure this assumption was 
seen to be wrong. The idea of pore water pressure had led Fillunger to 
the important conclusion that the horizontal thrust was at least partly due 
to friction between the seeping water and the internal surfaces of the 
masonry. To state the function of water pressure more explicitly, water 
can penetrate into a structure and in so doing its pressure is subjected to 
a gradual reduction from its original value, viz. that of the hydrostatic 
pressure in the reservoir, to zero, when it is intercepted by a drain or 
arrives at the downstream face. This reduction is caused by friction bet- 
ween the percolating water and the internal surfaces of the minute pores 
and channels within the concrete, in a way similar to the head lost by 
water in percolating through a granular mass. Thus, the water experiences 
a decreasing pressure gradient and the material of the dam is subjected to 
a body force due to friction in the direction of the falling pressure 
gradient. Put more generally, the horizontal thrust experienced by a dam 
is not applied at the upstream face, but gradually along the lines of flow 
of the percolating water. 
- 11 - 
Distribution of Pressure within a Dam. 
It is apparent, since horizontal thrust and uplift are both in some way 
due to pore pressure, that they are two results of a single phenomenon. 
The connection can be demonstrated with the aid of a flow net for the tri- 
angular dam profile. The profile can be regarded either as the top sec- 
tion of a dam of infinite height or as a dam on an impervious foundation. 
The flow conditions for the two cases are identical. 
It is assumed in drawing the flow net that the dam is perfectly 
homogeneous with respect to permeability. It is also assumed that flow 
obeys Darcy's law of seepage which can be expressed in the form 
v = ki 
where v = apparent velocity of flow, 
i = hydraulic gradient, 
k = a constant depending on the permeability. 
'Apparent velocity of flow' denotes discharge from a plane section 
divided by the total area of the section, and not the true velocity of the 
water particles passing through the voids in the concrete. 
'Hydraulic gradient' is defined as the limit of the difference in 
hydraulic head between two points divided by the shortest distance between 
them. 
There are limits to the strict applicability of Darcy's law depending 
on the Reynold's Number of the flow, and it is by no means certain that the 
law is strictly applicable to the flow of water through concrete. However, 
since existing evidence provides no better alternative, it will be assumed 
that the law is applicable. The factors affecting its applicability are 
briefly discussed on page 22. 
The flow of water from the upstream face to the downstream face of the 
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Flow lines are therefore horizontal and there is no free surface to distort 
the flow pattern. The hydraulic gradient at all sections has the same 
value because of the shape of the dam, and so by Darcy's law the velocity 
of flow and rate of discharge are the same at all elevations. The flow 
lines are therefore equally spaced and so also must be the equipotential 
lines, orthogonal with the flow lines. (See flow net Figure 3e Potential 
is understood to mean pressure head plus position head). It follows from 
the equal spacing of the equipotential lines that the decrease in pressure 
along a flow line is linear; from this it follows further that lines of 
equal pore pressure are straight and parallel to the downstream face. 
The resultant thrust by the water pressure is in the direction shown 
by the arrows (Figure 3)9 i.e. normal to the lines of equal pressure. The 
horizontal component of this provides the horizontal thrust on the material 
and the vertical component creates the uplift force. For an actual dam, 
the flow net and pressure distribution would be modified by the shape of 
the profile, the foundation, and the effects of drainage and variations in 
permeability; but the effect of water pressure is fundamentally the same, 
ioeo at acts at all times at right angles to the lines of equal pressure. 
For the purpose of dam design it is more convenient to consider 
separately the two pore pressure components, thrust and uplift; but in 
Drder to understand the effect of water pressure on the structure, the 
Foregoing theory is essential and has done much to clarify uplift problems. 
Chapter 3 
FACTORS AFFECTING THE DEVELOPMENT OF PORE PRESSURE IN CONCRETE 
The process by which a dam reaches its ultimate state of saturation, 
and the flow of pore water reaches a steady state, is an extremely complex 
one which may progress throughout the life of the dam. Numerous variables 
are involved, none of which is fully determinable, and because of the 
intricate and unexplained internal structure of concrete, it has not in the 
past been possible, by deductive reasoning, to draw many conclusions regard- 
ing the physical interaction between pore water and porous material. The 
nost valuable information about the movement of water through concrete has 
therefore come from. direct permeability tests which show how permeability, 
neasured in arbitrary units, is affected by various known parameters. A 
aeries of such tests, carried out by W. H. Glanville,12 is discussed below, 
ánd some conclusions are drawn connecting the results with the development 
pf water pressure within a dam. Following this, later sections will deal 
with the other factors thought to affect uplift development, including 
recently discovered evidence about the structure of hydrated cement paste. 
? ermeability. 
Permeability can be defined as the property by which a material allows 
eater under pressure to pass through it. It is distinct from capillarity 
)y which a material can absorb water, a phenomenon which is caused by sur- 
race tension forces between the water and the walls of connecting pores. 
he flow of water through a porous body is at first influenced by time com- 
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penetrated from one face to another of a body, capillary forces disappear 
and flow is influenced by the head of water alone. 
Glanville has shown that the factors governing the permeability of 
concrete fall natiirally into three main groupss 
a) The influence of the constituent materials, 
b) The effect of the method of preparing the concrete, 
c) The influence of the subsequent treatment of the concrete. 
His tests on samples of Portland cement concrete with the apparatus shown 
in Figure 4 yielded a number of positive results. These are too numerous 
to present in detail because of the large number of variables investigated, 
but those which interest the present discussion can be briefly summarized 
as followss 
(i) Permeability is influenced by the grading of aggregates and the rela- 
tive proportions of water, cement and aggregate; the care taken in mixing, 
casting and ramming the concrete; the method of curing; the subsequent 
conditions to which the concrete is exposed; and its age. The effect of 
some of these factors is demonstrated in the chart of Figure 5. The chart 
is based on the strength and permeability of a standard 1s2s4 (by weight) 
mix cured in water for 28 days and tested with a water pressure of 100 
lb.per sq,in. (the proportions refer to cementssandsgravel). The strength 
and permeability of the standard mix are each taken as 100 units and some 
results of deviations from the standard mix are illustrated. The dominant 
feature of the chart is the difference in permeability of samples cured by 
storing in air and by storing in water, the former being 50 times the 
latter. Obviously the wetter the curing process in practice, the more 
impermeable will be the concrete. 
;ii) Air cured and water cured concrete reach an almost permanent state of 
- 15 - 
permeability after 14 and 28 days respectively assuming that they 
are sub- 
ject thereafter to similar conditions. However, a concrete which has 
not 
been well cured at an early stage, i.e. through insufficient wetting, can 
be made considerably less permeable if submitted to water under pressure 
for a long period. 
(iii) Rich mixes, i.e. those containing a high proportion of cement, are 
generally less permeable than lean mixes, though this depends to a large 
extent on the curing conditions. 
(iv)Initial permeability may decrease with time if the concrete acts as a 
filter to fine particles carried by the water. 
From the above summary of results the following conclusions can be 
drawn 
1. Care in the choice of materials and the mixing, placing and curing of 
the concrete, can all contribute towards decreasing its permeability. 
?. Careful curing is essential to low permeability at an early stage, but 
in time the permeability may be reduced by the continual effect of water 
znder pressure. 
3. The practice of using a richer concrete at the upstream face of a dam 
Rill reduce its permeability. 
1. The deposition by water of fine particles may in time reduce the perme- 
ability in some regions. Such particles may be silt carried from the 
reservoir, or loose particles carried from the upstream regions of the dam 
o positions further downstream. 
It should be noted that the foregoing paragraphs have dealt only with 
:he permeability of concrete. At this stage it is necessary to consider 
;he relation, if any, between permeability and pore pressure for they are 
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seepage and vice versa. 
Consider a triangular dam of base width L, divided into three zones as 
shown in Figure 6, where for simplicity Ll L2 L3. If all zones are of 
equal permeability the hydraulic gradient is linear across a horizontal 
section as in Figure 6a. The velocity of seepage is given by Darcy's law 
v = ki . .(a) 
Suppose, however, that zone 1 has been made of richer concrete so that 
its permeability is lower than that of zones 2 and 3. Obviously the 
hydraulic gradient in zone 1 will fall more steeply as in Figure 6b, but 
how will this affect the rate of seepage? By Darcy's law an increase in 
the hydraulic gradient i tends to increase the rate of seepage but at the 
same time the decrease in permeability k tends to decrease it. The only 
way to get a clear picture of the result is to work out a simple example 
based on equation (a). 
The suffixes 1, 2 and 3, apply to the respective zones. 
Assume that zone 1 has one half the permeability of zones 2 and 3, 
i.e. kl = 2k2 Total head available = h. 
9 
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and since kl 
= 
29 





Therefore, vl = klil = k2 
9 3. Ll 




4 2,3 L 
_ v if k2 =k in equation ( a) 
9 
i.e. if the permeability of zone 1 is reduced to one half its original 
value, half the available head is dissipated in zone 1 and the rate of flow 
is reduced to 4 its original value. (See Figure 6b). 
Consider now the case where the permeability of zone 3 is reduced to 









and since k 12 = 2k3 then h3 = hl = h. 
9 9 
Again half the pressure is dissipated in each zone, but the total pressure 
has increased (See Figure 6c). 
The velocity of flow vl = kl1l etc., 
-`i V, as before. 3 
The further case where both zones 1 and 3 are of low permeability is 
of definite practical interest for rich mixes are often placed at both 
- 18 - 
upstream and downstream faces, at the latter to resist weathering. The 
calculation is merely an extension of the above method and the resulting 
pressure distribution is shown-in Figure 6d. In this case the flow is 
reduced to 3/5 of its original value. 
In conclusion from the three foregoing examples, 
1. A rich mix placed at the upstream end of the dam only, will reduce both 
pore pressure and seepage. 
2. A rich mix placed at the downstream face only (or a region of low perme- 
ability caused by silting) will increase pore pressure but decrease seepage. 
3. Rich mixes placed at both upstream and downstream faces will reduce 
seepage and reduce the higher pore pressures, but will not necessarily 
reduce the total uplift. In the above example the total uplift is the 
same as that for the homogeneous dam, though the moment centre has moved 
slightly downstream, reducing the overturning moment. 
Initial Moisture Movement - Capillarity. 
Under the heading of "permeability" the steady movement of water 
through a porous material of unspecified nature has been discussed. The 
process which leads to this steady state and the nature of the material 
itself, i.e. concrete, cannot be described nearly so explicitly, for some 
of the factors involved are abstruse and all may be subject to great 
variation. 
The initial penetration of reservoir water into a dam appears to be 
affected by three things; (i) the reservoir pressure behind the water, (ii) 
capillarity, and (iii) the initial conditions of moisture in the concrete. 
Consider first that the concrete is completely dry and that no more is 
known of its structure than that it is honeycombed by a maze of fine inter- 
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were immersed in water then the water would rise up the rod to 
some fixed 
height in the same way as it rises in a fine -bored tube. This 
is the well 
known phenomenon of capillarity caused by surface tension forces between 
the surface of the liquid and the walls of the connecting channels. 
In the case of a concrete dam, the effect of capillarity is somewhat 
different for in the latter case flow is, on an average, horizontal and 
therefore uninfluenced by gravity. 
Consider water applied to a vertical concrete face but, as yet, without 
pressure. Such a condition exists when a raindrop falls on the wall of a 
building (Figure 7). The water will be absorbed into the channel by the 
surface tension force S until the last of the drop forms another meniscus 
in the opposite direction at the vertical face. Alternatively, if there. 
is a constant supply of water and not merely a drop, the penetration can go 
on indefinitely for there is no gravity force to arrest it. 
In a dam the process of water absorption will be hastened by the pres- 
sure of the hydrostatic head which will assist in overcoming the friction 
forces between the water and the walls of the channels. .Saturation will 
be hastened further by the effect of the initial moisture content. 
The concrete in any massive structure will never be completely dry 
from the time it is first mixed because of the excess mixing water used to 
make it workable. This water is trapped in the interior of the concrete 
when it first sets, and though some may subsequently be removed by further 
chemical action with the cement, the concrete is only likely to dry out near 
faces which are exposed to a dry atmosphere. Furthermore, it is good 
practice to keep the concrete thoroughly damp during curing, either by 
sprinkling or covering with wet sacking, and this will add further to the 
initial moisture content. 
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The Internal Structure of Concrete. 
Apart from the initial state of moisture, the process of moisture move- 
ment has been greatly simplified in the foregoing paragraphs. It has been 
assumed that the channels in the concrete are sufficiently large to allow 
water to flow in the manner described, and though the structure of the 
material is not fully understood, sufficient is known to show that this 
assumption is only partly correct. 
On the infrequent occasions when writers express their conceptions of 
concrete in a pictorial manner, something like Figure 8 is usually shown. 
A number of solid particles are bonded together by hydrated cement which 
has formed a rigid framework often described as "solid gel ". Running 
through this bonding material are the pores and channels caused by air and 
excess water trapped in the original mixing. These pores are generally 
considered to be comparable in size to the smallest aggregate particles, 
and this being so water movement will probably occur in the simple manner 
already envisaged. There is, however, evidence which shows that much 
smaller voids are alsD present. One source of such information are.adsorp- 
tion tests with inert gases and water vapour. 
The adsorption of a fluid, as distinct from absorption by capillary 
action, is attributed to the presence of negative electric charges in the 
mineral particles of soils, rock and concrete. The negative charge 
attracts the positive elements of the fluid molecules which then form a 
layer around the particle. This is represented diagrammatically in Figure 
9. If the fluid is water, the positive (hydrogen) elements of the water 
molecules are attracted. This attraction may extend to several layers 
of molecules and the total zone of influence is known as the adsorbed 
layer. The physical properties of the fluid in this layer are different 
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from those in its ordinary state, e.g. the boiling point is much higher. 
It may thus be necessary to heat the fluid to several times its normal 
boiling point to drive it away from the solid. 
A theory has been devised by which it is possible to estimate the 
internal surface area of a granular or porous material by measuring the 
adsorption of a gas or vapour.8 This is done by removing as much of the 
original adsorbed fluid as possible without causing any physical or 
chemical change in the material, then measuring the increase in weight when 
a fresh adsorbate is introduced. The value of such tests lies not in 
individual results but in the comparison of the adsorption of one material 
with that of another. 
Preliminary attempts to relate adsorption to other physical conditions 
in hydrated paste, such temperature and method of 
curing and the fineness of the cement, have met with some success; but work 
in this field has not been extensive. One interesting result which has 
come from such tests is that the surface area available to nitrogen, as 
determined by Blaine and Valis,3 is much smaller than the area available to 
water vapour as determined previously by Powers and Brownyard.30 The main 
reason for this, according to the former authors, is the difference in size 
between water and nitrogen molecules. Water molecules being slightly 
smaller, it is possible for some of the intercrystalline spaces in the 
cement to be penetrated by water, whereas they remain inaccessib,e to 
nitrogen. If this explanation is correct it can be logically concluded 
that very fine channels exist extensively within concrete, their diameters 
being of the same order as the diameters of water and nitrogen molecules, 
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viz. a few 29 sufficiently small to admit one molecule and exclude another.* 
Assuming that these very fine channels do exist, they will at all times 
in normal circumstances be blocked with adsorbed water molecules, so that 
seepage through them is eliminated. Adsorbed water may also be present 
in channels of larger size so that the channels are not blocked but the 
flow merely restricted. In such a case flow may not be governed by Darcy's 
law if molecular forces are appreciable compared with pore pressure forces, 
but very little information is available on this subject. 
Crystallographic Research. 
The use of x -rays in determining the chemical and crystalline struc- 
ture of mineral compounds has developed within the last ten years. It 
has provided a new method of investigating materials which defied analysis 
by previous methods because of the minute size of the mineral particles 
involved, and the complications arising when several different phases of the 
basic compound are present. It has thereby proved invaluable to research 
on cement and chemically associated compounds. The x -ray methods involve 
the use of elaborate and expensive electronic equipment and specialised 
methods of analysing test results, both quite beyond the scope of the 
present study, but the following short description of the principle on which 
the methods are based, as understood by the writer, may enable the experi- 
nental results which follow to be better appreciated. 
One writer,37 who has been largely responsible for the development of 
r -ray techniques, has compared the direction of a beam of x -rays on a 
crystal with the effect achieved in some ornate ballrooms by shining a spot- 
light in a rotating sphere covered with numerous small plane mirrors. In 
iÁ denotes Ángstrom i.e. 10 -8 cm. 
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the former case the rays are both reflected and 
diffracted, and reflection 
occurs not from one but from all faces of 
the crystal. In the x -ray camera 
a beam of x -rays is directed on a powdered 
specimen prepared from or con- 
taining the mineral to be examined. A strip of film surrounds 
the 
specimen in the plane of the beam (Figure 10). The reflected beams form 
cones which create a pattern of slightly curved lines on the film, and it 
is from the spacing and width of these lines that data concerning the 
chemical and crystalline structure of the specimen are deduced. This is a 
comparatively simple method for simple compounds, and as more complex 
materials have been examined, so the methods and apparatus have developed 
in complexity. 
The results which will be discussed in the remainder of this section 
are from x -ray investigations on the hydration of Portland cement by 
Professor J. D. Bernal, J. W. Jeffrey and H. F. W. Taylor.1 '2 The 
crystalline structure of the substances present before and after hydration 
has been studied, particular attention being paid to the products of hydra- 
tion and the possible relation between their crystal structure and cementing 
properties. 
It was first recognised by Le. Chatelier21 that the main cementing com- 
pound in Portland cement has the approximate formula C3S * It is known as 
alite and differs very little from pure tricalcium silicate (C3S). It was 
also recognised by Le Chatelier that the main product formed by the hydra - 
Fion of cement must be a calcium silicate hydrate, and that this compound 
nust be largely responsible for the development of strength. All previous 
Cement chemistry nomenclature is used here. C denotes CaO; S denotes 
3i02; H denotes H2O. Thus e.g. C1S denotes 3CaO.Si09. 
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attempts to identify the hydration products yielded divergent or negative 
results, and the only product whose formation was definitely established 
was calcium hydroxide (Ca(OH)2). The present investigation, however, has 
shown that two hydrates can be formed, calcium silicate hydrate (I) with a 
formula varying between CSH and C3S2Hy, and calcium silicate hydrate (II) 
whose formula is C 2 
SH . These were detected first in dilute aqueous 
solutions of C3S, where the crystals quickly formed long fine fibres, and 
later in a hydrated paste. 
Hydrated cement paste appears under a microscope to be a solid, amor- 
phous substance devoid of any crystalline structure, thus the usual descrip- 
tion of "solid gel" applied to the bonding matrix in concrete. The x -ray 
photographs have shown that in fact the products of hydration have a very 
strong crystalline character but that the crystals formed in a paste at 
room temperature are small, badly formed, and probably bemt and tangled, so 
that in a mass they are indistinguishable under a microscope from a 
homogeneous material. 
Examination of the crystal structures of calcium silicate hydrates (I) 
and (II) shows that they are composed of layers, the interlayer spaces being 
Filled with water molecules. There is also a marked tendancy for the 
crystals to grow in one direction in the plane of the layers, causing long 
thin fibres to be formed which are thought to be mainly responsible for the 
cementing properties of the material. The spacing between the layers can 
De varied by the entry or removal of water molecules, caused by changes in 
temperature, vapour pressure or by evaporation. (These spaces may well be 
;he minute channels whose presence was suggested by the adsorption tests). 
The chemical reactions which follow the hydration of alite have been 
studied and the following table summarizes the extent to which the various 
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substances could b,; detected at various 
ages in a set paste. 
TABLE I 
Age C3S Ca(OH)2 Calcium silicate 




















No s ub s t ant i al change 
It has also been found that set pastes of alite and Portland cement show 
similar strengths at 28 days9 the 28 -day strength in each case being a 
large proportion of the ultimate strength. This confirms that C3S is the 
main compound in cement responsible for strength particularly in the early 
stages, though slower acting materials such as dicalcium silicate (C2S) may 
contribute towards the strength at a later stage. It is apparent then, 
that although the development of strength is largely complete in 28 days 
the chemical reaction is by no means so, and therefore only a very small 
amount of the calcium silicate hydrates (I) and (II) must be required to 
bind together the unhydrated particles and develop strength. 
The cementing action of Fortland cement in concrete can now be 
summarized as follows. Some alite in the Portland cement dissolves in the 
mixing water to form calcium silicate hydrates (I) and (II). These 
crystals grow quickly to form long fibres which bind together the unchanged 
cement particles and the aggregate. The practice of wet curing the 
concrete in the early stages f-.cilihatus the growth of 
crystals of calcium silicate hydrates (I) and (II) and the corresponding 
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development of strength. 
Crystallographic research is still a very new subject and the results 
it has so far yielded are only a beginning towards the complete understand- 
ing of the physical and chemical structure of cement compounds and 
concrete. Since the work done so far indicates that the physical struc- 
ture of concrete is largely of a submicroscopic nature, it appears that a 
complete understanding of moisture movement will depend on information from 
this source. 
Chapter 4 
THE AREA FACTOR 
The area factor, sometimes called the boundary or superficial porosity, 
denotes the percentage area of a plane section through a porous material on 
which pore pressure should be assumed effective for the purpose of stress 
calculation. The numerical value of this factor has been in dispute since 
the uplift problem was first analysed at the beginning of this century, and 
the most recent experimental evidence contradicts what was gradually becom- 
ing a general measure of agreement. 
There are two ways to approach the problem, namely by deductive reason- 
ing and by experimental measurement. Deductive reasoning is made difficult 
because the structure of concrete itself is not fully understood, and also 
because the solution to the problem lies partly in understanding the 
physical significance of the term "area factor". Some experimenters have 
bluntly stated that any attempt to solve the problem purely by deductive 
reasoning is doomed to failure until the -physical nature of concrete is 
fully understood. On the other hand, experimental workers have found it 
extremely difficult to reproduce in the laboratory the conditions of stress 
met in the saturated concrete of a dam. Most experimental methods involve 
the breakage of tests specimens and serious doubts have been raised as to 
whether the results of such tests are applicable in the case where breakage 
is not involved. 
Originally engineers were concerned only with the uplift at the base 
of a dam. It was argued that in view of the high stresses at the base a 
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considerable amount of solid contact existed and that this contact area 
could not be subjected to uplift. The same apparently logical argument can 
be applied to any horizontal plane within the concrete. The area of such 
a plane intersecting voids will be about 12% as already stated in Chapter 2, 
and at first sight it appears to follow that the area factor is then 12 %. 
In fact this figure of 12% is not the area factor but might be called the 
sectional porosity which, by Delesse's law, is equal to the volumetric 
porosity. The difference between the two arises because concrete, by 
virtue of its porosity, is not a truly isotropic material, and the term 
"plane section" must not be interpreted too literally when considering 
stresses caused by the pressure of fluid in the pores. Because the pores 
are connected and extensive, pore water has access to a large internal area 
of the concrete, so that the uplifting effect of pore pressure more nearly 
resembles that in a submerged granular material where the particles are 
completely surrounded by fluid and are therefore fully buoyant. (There 
may be some minute deviation from full buoyancy because of point contacts 
between grains, but experiments have shown this effect to be negligible). 38 
In a granular material the area factor is thus considered to be 100% whereas 
the sectional porosity may be of the order of 25%. If one can determine 
the extent to which the intergranular bonds on concrete reduce the area 
factor from 100 %, the problem will then be solved. This chapter will not 
provide the solution for this can only be done in the laboratory and much 
research remains to be carried out before the problem will be completely 
solved. What is attempted here is to summarize the work of previous 
writers, and in so doing to show clearly the meaning of the term area 
factor, to discuss the limitations of experimental work done so far, and 
finally to indicate the direction in which future research should be 
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directed to arrive ultimately at the solution. 
Terzaghi's Experiments, 
In a paper entitled "Simple Tests Determine Hydrostatic Uplift" 
published in 1936, Karl Terzaghi describes a number of tests carried out in 
his own laboratory in Vienna to determine the value of the area factor for 
clay, sand and concrete. 38 His conclusion for all these materials, 
though only the tests concerning concrete will be described here, is that 
the area factor is very nearly unity. 
One test consists of subjecting a concrete cylinder 7 cm. in diameter 
and 20 cm. long to very high water pressures, and measuring its axial 
deformation. This was first done with a cylinder whose surfaces were 
sealed or "jacketed" and in whose voids the pore pressure was negligible. 
The cylinder was placed in a chamber filled with water and the water pres- 
sure raised to 200 Kg.per sq,cm. (28,400 lb.per sq.in.). The resulting 
axial compression registered 200 units on a dial gauge. 
The jacket was then removed from the cylinder so that the water had 
free access to the voids, and after ensuring that the cylinder was fully 
saturated the same pressure was applied again. This time the axial 
compression was too small to be measured. Any compression which occurred 
was less than 1/200 of that for the jacketed specimen, and was at least 
partly due to the elastic compression of the solid material. 
Tk.e significance of this result is readily seen by considering the 
state of stress on any horizontal section through the cylinder. On such a 
section, calling the area factor n, and the confining pressure p, the 
effective pressure applied to the section by the water in the pores is np. 
Since no compression is apparent, the internal stress np must almost exactly 
balance the external pressure p, indicating that np = p or that n = 100% 
/ooq srr/'2ss 
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with a possible error of 1 in 200. 
Because the compressibility of the concrete is much greater than the 
compressibility of the solid material which comprises it, any deformation 
must be due to a change in the shape of the pores caused by the applied load. 
The negligible deformation observed in the foregoing tests indicates that 
water must penetrate very thoroughly into the voids of the material so that 
pore pressure is applied only to the solid material and not to the concrete 
as a skeleton structure. 
A second method for determining the area factor involves the rupture 
of cylinders by shear in a triaxial apparatus. The method is based on the 
fact that the shearing resistance of water is zero at all pressures. In 
the triaxial test (Figure 11) the specimen is subjected simultaneously to 
all -round fluid pressure p and an applied axial load stress q, the latter 
being increased until failure occurs by shear along some diagonal plane ab. 
The test results are interpreted on the basis of the well known 
Mohr -Coulomb equation 
Ei = c -}- o- t ano 
where = shearing resistance of the material per unit area, 
c = cohesive strength per unit area, 
= angle of internal friction, 
a = normal stress on the failure surface. 
The Mohr -Coulomb equation is based on the observation that the 
compressive strength of many materials is greatly increased by high lateral 
confining pressures, and that an approximately linear relation exists bet- 
ween the strength and the confining pressure. It assumes that the shear 
resistance is composed of two parts a constant part c independent of stress 
and attributed to intermolecular attraction, and a variable part v tan0 
attributed to intergranular friction and dependent on the normal stress on 
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the failure surface. c and 0 are empirical constants for any particular 
material and must be determined experimentally. 
If the load q is applied to a specimen in which the pore pressure is 
zero, the shearing resistance is given by the above equation where Cris due 
to the forces applied at the boundaries of the specimen. If, however, a 
hydrostatic pressure p exists in the pores, the normal stress on the failure 
surface will be reduced by an amount np. The shear resistance will then 
become 
= c ( a- - np ) t anO. 
By determining the shearing strength of specimens with and without pore 
pressure acting, the value of n can be found from the above two equations. 
Terzaghi's tests to determine the value of n were 
a) Test of a specimen with no hydrostatic pressure acting. 
b) Test of a jacketed specimen (no pore pressure) with a hydrostatic 
pressure of 400 Kg.per sq.cm. 
The application of the hydrostatic pressure in test (b) increased the 
axial load required for failure by 1,350 Kg.per sq.cm. 
c) Tests of an unjacketed specimen with a hydrostatic pressure of 400 
Kg.per sq.in. 
The application of the hydrostatic pressure in test (c) caused no 
appreciable increase in the axial load required for failure in test (a). 
The effect of pore pressure was therefore to neutralise entirely the normal 
stress on the failure surface caused by the hydrostatic pressure in the case 
of the jacketed specimen.. Terzaghi concludes without further calculation 
that an area factor very close to unity is indicated. From the data given 
in the paper for a small number of tests, the calculated value of n varies 
between 0.97 and 1.00. 
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A later paper by Terzaghi deals very thoroughly with the mechanism of 
failure in concrete and natural crystalline rocks, and the effect of pore 
pressure on the conditions leading to failure. 39 No new experimental 
data is presented but a detailed explanation is given of the observations 
made in his previous experimental works 
In describing or speculating on the mechanism of failure it is neces- 
sary to make some assumption about the crystalline structure of the mater- 
ials. Terzaghi has assumed that for both concrete and rock, the structure 
consists of solid mineral grains bonded together by a cementing material in 
the manner illustrated in Figure 8. This figure is merely a convenient 
diagrammatic representation of concrete, and it will be seen that the 
following reasoning about the stresses does not demand that the true struc- 
ture of the material should comply closely with that shown in the figure. 
Terzaghi states that experience has shown the shear resistance of 
mineral grains at pressures of less than several hundred atmospheres to be 
practically independent of the normal stress on the failure surfaces 
(References 3, 29 and 33 are given). It follows that the observed increase 
of shearing resistance with applied confining pressures in jacketed speci- 
mens with zero pore pressure must be due to an increase in the strength of 
the intergranular bonds, and that failure of the material must occur mainly 
through the failure of these bonds. Two reasons are given for the 
observed increase in strength g (a) the application of a confining pressure 
creates intergranular contacts which did not previously exist, thus 
increasing frictional resistance to shear and (b) assuming that the inter - 
granular bonds are much smaller than the grains themselves, very high 
compressive stresses must be created within these bonds by relatively low 
confining pressures. These high stresses, normal to the failure surface, 
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increase the shear resistance of the bonds. 
If the confining pressure fluid can penetrate into the voids, as it 
does in tests with unjacket specimens, the proportion of the confining 
ressure carried by the bonds will decrease and therefore so also will their 
shear resistance. Thus the shear resistance of the material as a whole 
will decrease. The magnitude of the decrease depends on the proportion of 
the failure surface in contact with the pressure fluid, and this proportion 
is in fact the area factor for the condition of imminent failure. 
The triaxial tests already described show that the increase in shear 
strength caused by a confining pressure on a specimen with empty voids is 
almost entirely eliminated if the pressure fluid enters the voids. This 
shows by the above reasoning that almost the entire failure surface is in 
contact with the pressure fluid, or that the area factor is almost one hund- 
red per cent. 
McHenry's Experiments. 
In 1948 at the Third International Congress on Large Dams, Stockholm, 
Sweden, Douglas McHenry described a series of tests carried out by the 
United States Bureau of Reclamation (U0S.B.R.) with a large triaxial test- 
ing machine. 28 These tests were identical in principle with Terzaghi's 
and the results were interpreted using the Mohr -Coulomb equation, assuming 
that the normal stress on the failure surface of an unjacketed specimen is 
diminished by an amount np, n being the area factor and p being the triaxial 
pressure. 
The main difference between the two sets of tests is that Terzaghi 
deduced his result on the evidence of only a few measurements, whereas the 
U,S.B.R, experiments set out to measure the area factor or find its average 
value from a very large number of tests. There was also the technical 
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difference that whereas Terzaghi used water as the pressure fluid in all 
his tests, those conducted by McHenry used kerosene for the jacketed tests 
and nitrogen gas for the unjacketed ones. Nitrogen was used to reduce the 
delay which occurs in saturating the specimens when water is used McHenry 
compares the respective saturation periods as about half an hour and several 
days. The choice of kerosene instead of water for the jacketed tests is 
not explained. Triaxial pressures up to 1,800 lb.per sq.in. (12.7 Kg.per 
sq.cm.) were employed. 
The value of the area factor was determined for 337 different specimens. 
Values ranged from 0.78 to 1.18, the average being 1.02 with a standard 
deviation of 0.019. Thus a value very close to unity is indicated, con- 
firming Terzaghi's opinion. In fact, this entire series of tests can al- 
most be regarded as an experimental exercise to confirm Terzaghi's partly 
deductive conclusion, for no new principle is involved. 
McHenry has pointed out that there are many possible sources of error 
in these tests. The specimens may not fail by pure shear, but by splitt- 
ing vertically or by forming cones; the empirical values c and 0 must vary 
to some extent among different specimens, and the Mohr- Coulomb equation is 
not strictly accurate particularly when the specimen does not fail in the 
desired manner. It was hoped that by carrying out a sufficiently large 
number of tests the effect of these sources of inaccuracy would be reduced: 
the fact that the scatter of results is approximately equal on either side 
of the average is cited as a reason for supposing that this has been 
achieved. It is also pointed out that the result depends to some extent 
on the criterion on which the statistical analysis of the test measurements 
is based, and that in this instance a different criterion leads to a value 
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The main conclusion of McHenry's report is that the effect of pore 
pressure on the shearing strength of concrete is negligible. He draws 
attention to the fact that the value found for n applies to the condition 
immediately before failure and that prior to this time the value of the area 
factor might be "conceivably different ". 
Leliaysky's Experiments. 
In the belief that Terzaghi's experiments were at variance with 
practical conditions because failure of the test specimens was caused by a 
mechanically applied load and not by uplift, S. Leliaysky devised a method 
in which the specimens were broken by the pressure of water in the voids. 
The part of the test apparatus enclosing the specimen is illustrated in 
Figure 12. A full description of the tests was published in 1947.24 
Ignoring for the moment the drainage hole in the centre, it is 
possible, by introducing water at high pressure into the annular chamber, 
to cause an axial flow through the voids of the cylinder to the top which 
is open to the atmosphere. The pressure gradient in the direction of flow 
causes a longitudinal tensile stress in the specimen. By making the inlet 
pressure sufficiently great, the cylinder can be fractured across some 
approximately horizontal surface ab. Fracture is governed by the equation 
n.A.p =z 
where n is the area factor, p is the applied water pressure, assumed con- 
stant over the section, and z is the tensile strength of the specimen. 
This equation contains two unknowns, n and z, and z can only be estimated 
by tensile tests on other specimens, thus introducing a possibly large error 
Leliaysky's method attempts to eliminate this error in the following 
way. An axial load F 
1 
is applied to the top of the cylinder representing 
the vertical loading in a dam. Since it is not possible to ensure that 
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the applied pressure penetrates the full thickness of the concrete a central 
hole is made in which the pressure can be measured and in this way the pres- 
sure distribution across the cylinder can be controlled and calculated. 
In the tests the load F and the pressure p are applied gradually to minimise 
the pressure variation across the section. 
The equation governing failure is now 
n. Ao pl = z+ F1 
where pl is the average pressure across the section. By using a different 
value of F in a second test, the governing equation becomes 
n. A. p2 = z + F2 
assuming z to be constant. Eliminating z, 
F., -F 
n = 
p2A - plA 
This can be done for a large number of tests so that 
n= F2 - Fl - F3 - F2 etc. 
p2A - plA p3A - p2A 
The effect of the variation in the value of z should diminish as the number 
of tests increases. 
For a series of 95 tests the average value found for the area factor 
was 0.91 with a standard deviation of 0.041. These tests were divided into 
groups to investigate possible variations in the area factor with other 
physical parameters. From this latter investigation Leliaysky concludes 
that the area factor is independent of the stress in the material, the 
cement and water percentages in the mix, the temperature, rate of pressure 
increase, and the consecutive order of loadings and pressures applied. 
Serafim's Experiments. 
The desire to measure the area factor from tests not involving the 
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fracture of the test specimen led J. L. Serafim 34 to evolve a test method 
illustrated in Figure 13. A fluid under high pressure is made to flow 
through the test cylinder as shown, so causing an axial tension. To 
prevent rupture an axial compression is applied throughout the test. The 
area factor is calculated from the longitudinal extension of the cylinder. 
By drawing a flow net Serafim has estimated that the pressure variation 
across sections AA, 1 cm. from the mid -section, is not more than 0.7 of one 
per cent. for a cylinder 5 cm. in diameter and 20 cm. in length; therefore 
reasonably accurate strain measurements can be made in this region.The best 
way to do this is to attach an electric strain gauge to the side of the 
cylinder, but owing to technical difficulties this could not be done when 
water was used as the pressure fluid. The tests were therefore done first 
with nitrogen gas. Further tests were done using water and measuring the 
total elongation of the cylinder by dial gauges placed at-its extremities. 
With this latter method of measurement it is necessary to assume that plane 
transverse sections remain plane throughout the test, an assumption which 
is liable to error especially near the ends of the cylinder where the uneven 
distribution of pressure is likely to cause distortion. Thus an additions' 
potential source of error is introduced. 
A total of 103 different values was determined from the nitrogen tests 
and 146 from the water tests. Usually several observations were made over 
period of time for each cylinder to investigate whether the area factor 
varied with time. The cylinders were divided into groups to investigate 
such variables as the age of the specimen, temperature of the pressure 
fluid, pressures and axial loads employed, and the method of drying in the 
tests with nitrogen. 
The tests with nitrogen gave values for n ranging mainly between 0.80 
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and 1.00 with an average of 0.87. The tests with water gave values for n 
ranging mainly between 0.35 and 0.80 with an average of 0.43. 
Serafim attributes the higher values with nitrogen to greater mobility 
of the nitrogen molecules when passing through dry specimens.* Most of the 
specimens used in the nitrogen tests were oven dried at 100 °C. or 105 °C. or 
dried under a vacuum with calcium chloride, both conditions would remove a 
certain amount of the adsorbed water retained from the original mixing. 
The specimens used in the water tests had naturally to be saturated before 
testing if steady flow conditions were to be achieved, so that immobile 
films of adsorbed water would exist within them to a greater extent than in 
the dried specimens. According to Serafim many pores are isolated except 
for minute channels whose dimensions are of the same order of magnitude as 
water molecules. In saturated specimens the adsorbed water in these chan- 
nels would cut off the otherwise isolated pores from the pressure applied 
by the free water, thereby reducing the surface area available to pore 
pressure and consequently reducing the value of the area factor. 
Serafim observed from his tests with nitrogen that the area factor 
increases slightly with the water -cement ratio, the value of the pore pres- 
sure and the degree of dryness of the samples. In the tests with water the 
lower values of the area factor were associated with lower water -cement 
ratios. No consistent relation was observed between the area factor and 
the time of testing. 
Harza's Theor r. 
L. F. Harza has produced a simple theory which attempts to show that 
the area factor is exactly 100%. This theory is based on a conception 
See reference 34 Pages 207 to 208. 
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which he calls "internal buoyancy ". 
15 
Consider a block of saturated concrete immersed in water for sufficient 
time to allow the pressure distribution in the pores to adjust itself to a 
steady state. Provided all the pores are interconnected the pressure in 
each pore will be dependent only on its depth from the free water surface. 
Imagine the concrete divided into a number of elementary vertical prisms 
such as a -b in Figure 14, each terminated by a pore or pores. Each prism 
will experience an upthrust because of the difference in pressure between 
the pores at its extremities, and this upthrust is the same as it would 
experience if it could be immersed to the same depth in water. In other 
words the prism within the main block experiences an upthrust equal to full 
buoyancy. This is what Harza calls "internal buoyancy ". Because all the 
imaginary elements of the block are fully buoyant the block itself must be 
fully buoyant, a conclusion which is perfectly obvious from the mere fact 
that it is immersed. However, the conclusion has some significance when 
applied to a concrete dam. 
Consider in an ideal triangular dam (Figure 15) two adjacent flow 
lines AB and CE along which pore pressure decreases linearly9 flow being 
assumed to obey Darcy's law of seepage. The pressure diagram for AB is 
similar in the strict geometric sense to that for CE because of the shape 
of the damp therefore the difference in pressure between any two points x 
and y in the same vertical plane is the same whatever their distance from 
the upstream face. If x and y denote the extremities of an elementary 
prism then since the pressure difference between x and y is the same as that 
between A and C, the prism xy is fully buoyant. If pairs of flow lines 
such as AB and CE are taken very close together, areas such as BDE can be 
neglected, and the argument can be applied to the entire dam so that it 
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experiences internal buoyancy just as did the immersed block; that is, the 
dam experiences an upthrust equal to full buoyancy even though there is 
water only on one side of it. This is precisely the same result as if pore 
pressure acted over 100% of the area of a horizontal section, which is 
equivalent to an area factor of 100 %. 
The theory applies equally well to the horizontal thrust. If the 
cylinder in Figure 14 were encased in a horizontal tube and water under 
pressure applied to one end, assuming still that flow obeys Darcy's law of 
seepage, a uniform pressure gradient would extend from the pressure end to 
the outlet end. The elementary prisms which are now horizontal experience 
a thrust in the direction of flow because of the difference in pressure at 
their extremities. The total thrust, which is the integral of the body 
forces on each element, is equal to the applied pressure multiplied by the 
cross -sectional area of the cylinder. This again is equivalent to an area 
factor of 100%. 
Discussion of Evidence. 
All the foregoing experimental evidence is in agreement on at least 
one point, namely that the area factor is a distinctly different quantity 
from the sectional porosity and is much greater in magnitude. The experi- 
mental value of the area factor has varied between 0.40 and 1.00 depending 
on the testing method used. 
The two sets of tests by Terzaghi and McHenry involving the shear 
failure of specimens have arrived at the same conclusion that the area 
factor is very nearly unity. Whatever objections may be raised to the 
test method because it involves fracture, the result is an important one. 
Throughout the literature which has been studied in the preparation of this 
dissertation, no instance has been cited where a gravity dam has failed by 
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overturning. In all cases where failure has been attributed to uplift, 
the dam has failed by shear across a section near the bases therefore in 
considering critical conditions at least, the tests of Terzaghi and McHenry 
may be of more value than the allegedly better methods of Leliaysky and 
Seraf im. 
Terzaghi's papers have probably been the most valuable contribution 
towards the solution of the problem for they provide a very plausible ex- 
planation of a high value of the area factor by showing how it is related 
to the structure of concrete. The fact that concrete is only statistically 
homogeneous and isotropic is most important in the study of pore pressure 
phenomena, and the earlier confusion between area factor and sectional 
porosity arose because this fact was ignored. However, Terzaghi's tests 
with jacketed and unjacketed concrete cylinders have demonstrated beyond 
doubt the importance of the intergranular bonds which are mainly respons- 
ible for the deformation of the material, not necessarily because they are 
more elastic than the mineral grains but because, owing to their relatively 
small cross -sectional area, the stresses accuring in them are very high. 
Concrete or any natural rock of similar structure can therefore be regarded 
as a skeleton structure comprising two types of components; (i) grains 
which are comparatively rigid and which maintain their shape under stresses 
of the order usually encountered in a dam, and (ii) intergranular bonds in 
which the stresses are so high that they deform under similar applied loads. 
The cross -sectional area of these bonds must be very small indeed if 
pore pressure has access to almost the entire failure surface, but there is 
evidence to show that this is quite possible. It is now known from 
crystallographic research that the bonding material in hydrated cement is 
composed of needle- shaped fibres whose thickness may be as small as 50 Ál 
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Photographs of cernent paste taken with an electron microscope have shown the 
paste to be a mass of jagged irregular fragments joined together by minute 
contacts of a much smaller mp,gnitude than the voids or solids which make up 
the bulk of the paste. (These photographs were taken by Professor N. Hast 
of the Stockholm Institute of Technology and one was shown at the Third 
:International Congress on Large Dams, 1948).31 The high streñgth that 
such fine bonds would require to possess can be credited by comparing them 
with finely drawn glass threads which have shown tensile strengths exceed- 
ing 100,000 lb.per sq.in. Their strength has been found to increase with 
decreasing area of cross -section, possibly because of the elimination of 
transverse flaws in the drawing process. It is not inconceivable that 
naturally grown fibre crystals would possess even greater strength. 
Leliaysky's tests gave a mean value of 0.91 which is not substantially 
different from Terzaghi's result. In view of the fact that completely 
different methods were used, the results of the two experimenters are 
remarkably similar, and tend to support a value close to unity. 
Leliaysky's lower values may perhaps be attributed to the lower pres- 
sures used, (18 kg.per sq.cm. compared with 200 Kg.per sq.cm. in Terzaghi's 
triaxial tests) and possibly to conditions caused by seepage; e.g. sediment- 
ation within the concrete or the introduction of air molecules with the 
seeping water. If this is the case, Leliaysky's results are more 
representative of practical conditions than those of Terzaghi, but there is 
not sufficient difference to warrant the use of a factor lower than unity 
for design purposes. 
Serafim's test method is probably the best so fax used because it does 
not involve rupture of the test specimen. It is significant that his 
value for n, using water as the pressure fluid, is substantially different 
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from the results of all previous experimenters whose tests involve rupture, 
but his results are not conclusive in themselves. They represent a basic 
change in the present conception of the area factor and require verifica- 
tion by further experimental work. There is considerable scatter in the 
results; e.g., although the average value for n in the tests with water was 
0.439 one group of five results ranged from 0.78 to 0.87 with an average of 
0.82. The water -cement ratio was higher for this group than for any other, 
indicating a more permeable concrete and suggesting a possible relation bet- 
ween permeability and the area factor. 
The difference between Serafim's results with water and nitrogen as 
the pressure fluids also requires further investigation, for no such 
difference occurred between the results of Terzaghi and McHenry using 
respectively water and nitrogen. This is a good reason for suspecting 
that different conditions exist before and coincidently with rupture. 
Serafim himself cannot have been completely satisfied with his tests 
for in his concluding paragraph he states that for the present it would be 
prudent to employ an area factor of unity in dam design until further 
experimental evidence is available from tests similar to his own. These 
tests might aim at more accurate measurement, greater consistency in the 
results, and a complete investigation of such factors as the water- cement 
ratio, the adsorbed water content, the applied pressure and the applied 
axial load. Serafim's test method is technically much more difficult than 
any of the previous methods because of the necessity for measuring strains; 
but because it apparently creates the most realistic conditions, and because 
of the disparity between Serafim's results and those obtained by other 
*See reference 
349 Page 214. 
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methods, there is every indication that much could be learned by developing 
and refining this new method. 
There is no contradiction between Terzaghi's conclusion that the 
failure surface passes almost entirely through voids but not completely, 
and Harza's theory that the area factor is exactly unity. They are two 
different ways of looking at the problem. The fact that Terzaghi's 
failure surface does not pass completely through voids implies that some 
solid must have been intersected or the surface would have had no strength. 
Harza's theory of a 100% area factor does not imply, as some critics have 
suggested, a surface of no strength. It does not in fact necessarily 
involve any surface whatever, neither does it involve ruptures The 
conception of internal buoyancy merely requires full saturation and freedom 
of the water molecules to exert pressure in the minutest interstices of the 
concrete. The unlikelihood of such conditions ever being fully achieved 
in practice makes it improbable that Harza's theory could ever be fully 
realised. 
Terzaghi must have been very close to such a condition in his tests on 
cylinders with only water pressure acting. (See page 29). Unfortunately 
his measuring gauge was not sufficiently sensitive to measure the deforma- 
tion of the unjacketed cylinder, but an area factor exceeding 0.995 was 
indicated. However, the test conditions were especially favourable. A 
pressure of 400 Kg.per sq.cm. was used corresponding to a 13,000 feet head 
of water, 18 times the possible maximum pressure at the base of the Hoover 
dam, which is the highest gravity dam in the world. The method used to 
saturate the specimens initially is not mentioned in the paper, but in 
his second paper Terzaghi advocates that the cylinders for unjacketed 
triaxial tests should be saturated under vacuum, then subjected to a high 
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liquid pressure for several days. If any air is trapped inside the speci- 
men it will gradually contract and a pressure decrease will be noted. 
Presumably this method was applied in his tests. 
Under such favourable conditions it seems very likely that water would 
find access to regions of the concrete from which it would ordinarily be 
excluded, and so a higher value of the area factor would prevail than under 
the normal conditions encountered in practice where the water pressure is 
much lower and the presence of trapped air much more likely. 
The discrepancy between Harza's theory and the true value of the area 
factor is the same as the discrepancy between his ideal conditions of sat- 
uration and the true conditions, much of this being due to the presence of 
adsorbed water and submicroscopic channels not considered by Harza. 
Conclusions. 
1. Concrete is a complex skeleton structure consisting of mineral grains and 
intergranular bonds among which exists a network of voids. The deformation 
of concrete under stress is mainly due to the deformation of the bonds _ 
which, because of their small cross-sectional area, carry much higher 
stresses than the mineral grains. The voids within the concrete are con- 
tinuous, although the continuity may often be through channels whose 
diameters are of the same order of magnitude as water molecules. For this 
reason some of the voids may be permanently isolated because of the presence 
of immobile films of adsorbed water in the smallest channels. 
2. When a pressure gradient exists within a saturated concrete body, the 
body experiences a force in the direction of the pressure gradient because 
of the differential pressure on the sides of the elements of the body, 
these elements being the mineral grains and intergranular bonds. This 
body force is comparable to the buoyancy experienced by a submerged granular 
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material owing to the 
upthrust on the individual grains. In concrete this 
buoyancy is less active than in a loose granular material because of the 
nature of the voids, some of which are isolated or blocked by adsorbed 
water. 
3. The value of the area factor depends on the extent to which the 
buoyancy effect is reduced by the existence of blocked or isolated channels, 
created either by adsorbed water or trapped air. This reduction is depend- 
ent entirely on physical conditions such as the degree of saturation, the 
pore pressure, the constituents of the concrete which affect its porosity, 
and the degree of crystallisation in the bonding material which influences 
the extent to which submicroscopic channels exist. The area factor is 
therefore an empirical property of the concrete which is liable to variation 
according to the above conditions. 
4. The effect of these aforementioned conditions cannot be fully under- 
stood until researdh has constructed a full picture of the internal struc- 
ture of concrete which should include an explanation of the influence of 
the adsorbed water molecules. If such an understanding can be reached it 
will then be possible to set about measuring the area factor in a manner 
such as that used by Serafim, with a proper understanding of the variables 
involved. Any attempt to measure the area factor before this has been 
done might produce valuable data in the form of empirical relations bet- 
ween the area factor and the several variables involved. This may assist 
the designer by providing a more economic value of the area factor which is 
safe to use, but it will not by itself lead to a complete understanding of 
the effect of pore pressure in concrete. This can only be done with the 
help of the physicist by investigation along lines already begun, using 
crystallegra 
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5. The most recent experimental evidence provided by Serafim indicates that 
the area factor may have 
a value substantially less than unity, but there 
is not yet sufficient evidence 
or sufficient knowledge of the factors 
involved to warrant the use of a lower value in the design of dams. 
The Area Factor in Stress Calculation. 
It has been shown in Chapter 2 that the stresses occurring in a porous 
body such as a dam, through the action of water under pressure applied at 
its boundaries, arise not from a thrust at the boundary but from a body 
force applied in the direction of the pressure gradient once water has 
permeated the voids. The stresses in such a body are generally calculated 
on the assumption that the material is homogeneous, an assumption which is 
not strictly correct because of the presence of voids; but provided it is 
remembered that the stresses found in this manner are average stresses over 
plane sections and not the actual stresses in the solid particles, no error 
is incurred. 
When employing elastic theory to determine the stresses in a porous 
body, the forces acting on an element - including the body forces caused by 
pore pressure - are considered in the usual way. Figure 16 represents a 
rectangular element dx.dy of unit thickness whose sides are oriented in the 
directions of the x- and y -axes. The body force caused by pore pressure in 
the x- direction is -x multiplied by the proportion of the area of face 
bx 
dy on which pore pressure is effective; 
i.e. body force = -n. dx. dy, by the definition of the area factor, 
óx 
= -n.áx per unit volume. 
By the same reasoning the body force in the direction of the y -axis is U 
'nbÿ per unit volume, or in general the body force per unit volume is a 
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-n. grad p. 
A recent paper dealing with stress calculation for porous bodies shows 
that there is still confusion in the minds of writers between the area 
factor and the sectional porosity. This confusion leads the author of the 
paper, A. Lubinski, to the conclusion that the body force is equal to 
-f. grad p where f is not the area factor but the sectional or volumetric 
porosity. Lubinski arrived at this conclusion by considering the forces 
acting in the pore 1 'GHIJKE of Figure 17 which is reproduced from. his 
paper. 
27 
The bounding surfaces AB and CD are surfaces of equal pressure, 




designate the pressures at AB and CD and pl } p2 so that the fluid flows in 
the direction of CD. 
The forces acting on the fluid in the pore ares 
1. The forces dFland dF2 caused by pressures pl and p2 on faces EF and KG 
respectively, 
2. A viscous or frictional force dF 
s 
acting along the walls of the pore by 
which the pressure transmits a body force to the solid. 
Since dF1 and dF2 are perpendicular to the constant pressure lines AB 
and CD9 then so also must be dFs, and for equilibrium of the element of 
fluid in the pore 
dF1 - dF` + dFs = 0 
If dal and da2 designate the cross -sectional areas of the pore at AB 
and CD, then, 
d.Fl = pl dal ; dF2 = p2 da2 . 
If AB and CD are taken over an area which is large compared with the area 
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f the pore, then dal 
= da,2 = fa where f is the sectional porosity and a is 
he total. area of the section. If 
Fs denotes the sum of the viscous 
orces between AB and CD, and Ap = pl - p 2 9 then 
- a f tsp = Fc 
r dividing by a Q x 
in the limit, 
Fs 
= -f A 
aox Ax 
N= - f áx 
here N is the body force per unit volume, 
There is no flaw in Lubinski's reasoning after accepting the set -up 
llustrated in his diagram; it is in the diagram itself that the error is 
de because the element of the body envisaged by Lubinski is not 
aracteristic of the material it is meant to represent. 
Terzaghi showed in a convincing manner how the results of triaxial 
sts on jacketed and unjacketed specimens of concrete demonstrated the 
portance of the intergranular bonds, (See Page 32). There is in fact 
other explanation of the observed increase in shear strength when the 
ecimen is jacketed, and the absence of any such increase when it is note 
such a medium where the bonds deform and the grains are mainly passengers 
cupying space, a characteristic element must have similar elastic 
operties to the material as a whole, and therefore its sides must in 
neral intersect bonds rather than grains. In this case the sides of the 
ement will not be strictly straight lines, but will undulate around the 
.ins, so that they intersect an area for greater than the sectional 
rosity of the material. This area, expressed as a proportion of the 
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total cross -sectional 
area, is the quantity termed the area factor. The 
various experimenters 
who have attempted to measure this quantity have at 
least proved that it 
is much greater than the sectional porosity. 
Chapter 5 
STRUCTURAL FEATURES AFFECTING SEEPAGE AND UPLIFT 
Experience has shown that it is not possible to exclude water entirely 
from the interior of a dam or its foundation. Even the richest mixes of 
concrete exhibit permeability under high pressures of water and some degree 
of seepage into a rock foundation is inevitable. There are, however, 
various methods by which seepage can be considerably reduced or at least 
rendered less harmful. 
A small rate of seepage through a dam or its foundation does not 
necessarily indicate low uplift pressures. In fact high uplift pressures 
could exist with no seepage whatever if water were trapped within the dam 
and connected through fissures or pores with the reservoir. The purpose 
of the "anti- seepage" devices is partly to prevent or reduce the initial 
development of uplift and partly to protect the structure from the erosive 
effects of seeping water. In some cases measures need to be taken to 
reduce seepage because it represents a serious loss of water, but such a 
condition will only arise with an unsound structure. 
Gro utin_ 
It is almost universal practice to inject grout into a rock foundation 
whenever possible. This both strengthens the foundation and reduces seep- 
age. The only conditions which make grouting unfeasable are (i) where the 
rock fissures are too narrow to allow the penetration of grout or (ii) where 
the rock is soft and fissuring so extensive that the fissures cannot be 
filled and tightened. Both conditions are unfavourable but more so the 
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latter, One of the most catastrophic failures, that of the St. Francis 
Dam (California, U.S.A. 1928), 
was caused by a soft foundation which was 
not properly tightened, and a soluble content in the rock. Excessive up- 
lift pressures developed soon after the first filling of the reservoir and 
central sections of the dam over 200 feet high slid from their foundations 
because of the reduced horizontal shear resistance and the lubricating 
effect of the water. 
Where the rock fissures are too narrow to be grouted there is still 
the danger of high uplift pressures, for water can penetrate into much 
smaller openings than grout. If a structure must be built on such a 
foundation, adequate base width must be provided to ensure stability and 
efficient drainage would be a great advantage. 
Most foundations can be effectively grouted, the above conditions being 
exceptional. Grouting operations take two forms. First, before construc- 
tion begins, "blanket" grouting is carried out over the entire foundation 
area to a depth of 5% to 10% of the base width of the dam. 
The purpose of this is to reduce seepage and to strengthen the founda- 
tion structurally. Several ro' :s of grout holes, 12" or 2" in diameter, 
are drilled parallel to the longitudinal axis of the dam. The spacing bet- 
ween holes and between rows is generally of the order of 20 feet centre to 
centre, with extra holes in weak zones. 
The second form of grouting consists of deep grouting below the up- 
stream side of the dam to form an imprevious barrier or "curtain" to seeping 
water. In some cases this is also done before construction begins but in 
many large dams it has been done from construction galleries within the 
structure after the lower blocks of the dam have been laid. It is 
naturally preferable to have such a gallery within a dam, large enough to 
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accommodate drilling and 
grouting operations. There is then no difficulty 
in repairing or extending the grout curtain if necessary. A further 
advantage of grouting after the foundation blocks have been placed is that 
higher grouting pressure can be used with less danger of dislodging the 
rock formation. The grout curtain may be laid from one or two rows of 
grout holes spaced as closely together as 5 feet centre to centre. The 
depth of the grout curtain has varied considerably as practices have 
changed9 but it is not generally greater than 25% of the height of the dam. 
For the exceptionally high Hoover Dam9 the grout curtain was extended to a 
depth of 41% of the height of the dam. 
At one time it was the practice to provide a cut -off at the downstream 
end of the structure either as an alternative or in addition to the cut -off 
at the upstream end. The purpose of this was to reduce seepage by length- 
ening the seepage path. This device is no longer used because it tends to 
increase uplift pressures9 particularly in the downstream region of the 
base of the dam. Modern practice is to provide pressure relief points 
immediately downstream from the grout curtain and to drain away water which 
succeeds in seeping through. 
Drake 
In many of the large dams now existing, a system of drainholes or a 
"drainage curtain" is situated a short distance behind the grout curtain at 
the upstream end of the dam. A typical system consists of holes 6 inches 
in diameter spaced at 10 feet centre to centre and extending to one third 
of the depth of the grout curtain. The drainholes are generally connected 
with a larger drain or gallery running the entire length of the dam from 
which the water collected is discharged through further drains to the down- 
stream side. 
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Much cruder forms of drainage are sometimes employed such as gravel - 
filled trenches crossing 
the foundation. Probably the earliest such 
attempt at drainage was in 
the Vyrnwy Dam of the Liverpool water system in 
18829 where a complete system of rock drains was installed. 
Uplift measuring systems have frequently proved the efficiency of 
drainage but nevertheless it is not universally favoured. At the Third 
International Congress on Large Dams, Stockholm, 19489 delegates from 
i l 
India20 and Sweden') told of the difficulties experienced in their countries 
with drainage in dam foundations. It was found that drains were difficult 
to clean and their functioning could not be relied upon when making uplift 
assumptions. Indeed, the practice of foundation drainage has now been 
completely abandoned in Sweden. It is considered that even when the drain 
is functioning properly the resulting increase in the volume and velocity 
of seepage is highly detrimental to the grout curtain. 
In the U.S.A. where many large dams have been built in the last few 
decades, the attitude towards drainage is quite different. Nearly all 
large projects have an extensive system of drainholes leading into a 
transverse gallery within the dam. These drains run vertically into the 
foundation in the centre sections of the dam and fan outwards at the abut- 
ments. Drainage difficulties, such as choked drains, have either not been 
encountered or have been overcome in many cases by suitable design. The 
chief causes of choking drains appear to be (i) the deposition in the 
drainholes of solid matter carried by the seeping water, (ii) solids 
carried by the seeping water may be deposited within the concrete near the 
surface of the hole because of the drop in pressure in approaching the 
drain, (iii) the evaporation of water containing dissolved salts so leaving 
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construction which makes drains inaccessible or bends which make cleaning 
impossible, (v) failure of the authority concerned to adequately maintain 
the drains when they can be cleaned. 
In the United States where drainage is generally recommended it is 
standard practice (i) to incorporate a gallery in the dam large enough to 
accommodate drilling operations, (ii) to ensure that all drains run straight 
from the gallery, (iii) to inspect drains periodically and to carry out 
scraping and reaming of the holes, (iv) to incorporate an uplift measuring 
system-so that warning can be given of excess pressures and, if necessary, 
further drains drilled. 
Evidence shows that with effective grouting and drainage of a founda- 
tion, pressure dropsrapidly from the upstream face to the drainage line, and 
that in normal conditions high pressures are not likely to develop down- 
stream of the drains. Figure 18 shows some of the first published data 
and is typical of the results subsequently obtained in the same manner at 
many other dams. Using pipe systems as shown in Figure 20 uplift has been 
measured at several points across the foundation of the dam and plotted to 
give an indication of the pressure distribution. Most of the dams repre- 
sented have drainage systems in the foundation near the upstream face. 
Figure 19 shows the results of similar measurements in drained foundations. 
Figure 21 indicates the fluctuation in pressure at individual points in a 
dam foundation as the result of changes in the reservoir level. Figure 22 
indicates the plan of pressure measuring cells at Hiwassee Dam, North 
Carolina, and the results in Figure 23 show a decided drop in pressure from 
the upstream face to the drains. No appreciable pressure has been measured 
downstre,,m from the drains up to the time of publication of these results, 
even years after the initial filling of the reservoir. 
Similar measurements carried out at Fontana Dam, 
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North Carolina, 
(Figures 24 and 25) again show the effect of drainage. 
The pressures recorded are a much higher 
proportion of the static head then 
at Hiwassee indicating a more permeable concrete, but the drop again is 
quite distinct. 
Grouting and Drainage as Remedial Measures. 
It is sometimes the case that uplift pressure beneath and within a 
structure develops in excess of that assumed for design purposes and so 
endangers the stability of the dam. Warning of such a condition would be 
given by an uplift measuring system but in the absence of this various 
other indications might be given e.g., excessive discharge from drains, 
visible seepage through the structure or foundation, or possibly in an old 
dam, the realisation in the light of up -to -date knowledge that the original 
uplift provisions were inadequate. Whatever the warning might be, such a 
condition demands immediate investigation and a remedy must be provided. 
If uplift pressures are found to be truly dangerous the reservoir sur- 
face can be lowered as an immediate measure while contemplating further 
action. This, however, may waste valuable storage water and it is unlikely 
that a condition sufficiently grave to warrant this measure would develop 
without previous warning. In some instances (as described in the 
following section) it has been felt necessary to empty the reservoir and 
build a protective screen in front of the dam. No case, however, is known 
to the writer where this has been done for a dam much more than 100 feet in 
height. For a very large dam the cost of such a screen would be very 
great. 
The mast usual method for reducing uplift pressures is to tighten the 
grout curtain by additional grouting and provide additional drainage. To 












(.bue)' /ed from 
I 
NEvHoH 
- Oi'i9ina/ dnoino9e imif - Drypno/ 9riout iy //;,ir 
- ri/70/ dnoino9e //mit - Fino/ 9.'oui`in9 /imit 
drain oye at Hoover. Oom 




- 57 - 
examples will be 
discussed. 
The first is the famous Hoover Dam (previously called the Boulder Dam) 
on the Colorado River in the U.S.A. The dam, the highest gravity struc- 
ture in the world, (726 feet maximum height above foundation) was completed 
in 1934e During the following five years while the reservoir was filling, 
high pressures were recorded by the uplift measuring system at various 
points across the foundation, and excessive leakage was noted into the 
penstock tunnels and through the abutments. In 1939 remedial measures 
were undertaken. Full details of the causes of the excessive pressures 
and the subsequent treatment are given in a paper by A. W. Simonds36 of the 
United States Bureau of Reclamation. 
The dam had been provided with a deep grout curtain and an extensive 
drainage system extending to maximum depths, respectively, of 21% and 14% 
of the height of the dam (Figure 26). These figures were based on a survey 
of a number of previously built dams of which the highest was about 400 
feet. For the exceptionally high water pressures at the Hoover Dam this 
grout curtain was not deep enough, and it was subsequently extended to 41% 
of the height of the dam. 
Besides the high head of water, the high uplift pressures were partly 
attributed to the presence of warm alkaline springs in the foundation 
beneath the structure. The initial grouting treatment had not sealed these 
springs effectively for 
9 
as it was subsequently found, a flash set occurred 
when the Portland cement grout came in contact with the warm alkaline water. 
Whether this was due to the heat or to the alkalinity was never clearly 
established. 
To deal with the problem a suitable cement containing a 
retarder was eventually found, which had been developed for use in oil 
mining, 
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The leakage of reservoir water at the abutments and penstocks, and to 
some extent the uplift 
pressures, were caused by the necessity for abandon- 
ing some of the original 
curtain grouting. A special rock -concrete joint 
had been provided at the abutments, which was left open prior to filling 
the reservoir to allow for the free deflection of the dam under load. A 
system of grout holes had been made to grout up the joint at a future date. 
However, some of the grout from the grout curtain was found to leak into 
the abutment joint, and so grouting in this area was abandoned rather than 
foul the grouting system for the joint. 
The remedial grouting was effected by using the drainholes of the 
original drainage system as grout holes, and a new drainage line was made. 
The grouting and drainage operations had to be carried out simultaneously 
and great care taken that the uplift pressures were not substantially in- 
creased by the closing of drainholes. This generally meant that only a 
few holes could be treated at one time, and since many holes took several 
thousand bags of cement the process was a very slow one. It was, however, 
effective and successful. Uplift pressures dropped to tolerable magni- 
tudes, leakage in the abutments and penstocks was substantially reduced, 
inspection galleries became dry, and drains showed greatly reduced discharges. 
The maintenance of the penstocks was a major item of expenditure be- 
fore the remedial measures were carried out and the following figures 
testify to their effectiveness; 
Year 1939 1946 
Repainting of Penstocks 529,979 $5,894 
Pumping from Penstocks $11,270 $5,861 
A further reduction is reported since 1946. 
The total cost of grouting and drainage operations at Hoover Dam was 
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$1,840,000 or 2.3% of the total cost of the dam. 
The second outstanding example of remedial work is the Bartlett's Ferry 
Damon the Chattahoochee River, Georgia, U.S.A., built in 1925. An 
investigation into the stability of the dam was prompted in 1946 when cer- 
tain maximum flood and rainfall data became available for the first time. 
The low uplift design assumption (see Figure 27) must also have caused 
anxiety. Various structural alterations were carried out, such as the 
raising of the non -overflow section and the provision of a buttress for the 
spillway section where high uplift pressures were encountered. A descrip- 
tion of the dam and the modifications carried out is given in a paper by 
E. S. Harrison and Carl E. Kindsvater.14 
The uplift pressure conditions were most unusual. Thirty -one 3 inches 
diameter holes were drilled at 20 feet centre to centre along the spillway 
section from the drainage gallery. Water flowed freely from twenty -six of 
these holes generally long before the foundation level was reached. From 
one hole a solid 3 -inch diameter jet rose 5 feet in the air, and sixteen 
eher holes produced spouting flows, the total estimated flow from all holes 
being 3,400 gallons per minute. 
High pressure grouting was used to seal the holes and, as was the case 
at the Hoover Dam, a considerable amount of cement was used. The holes 
were then redrilled and carried down into the bedrock. Greatly improved 
conditions were revealed, none of the holes showing excessive leakage. 
The pressures at the foundation were measured by sounding in the holes. 
Only one showed a pressure exceeding half of full headwater and five had 
Pressures exceeding one third of full headwater. 
It is interesting that in this dam the main discharge of water came 
from within the concrete rather than from the foundations which was gener- 
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ally only reached at the second drilling. 
Table II taken from the aforementioned paper by A. W. Simonds,36 gives 
an interesting comparison of the cost of grouting and drainage operations 
It is noteworthy that only in one case does at various dams 
in the U.S.A. 
the cost of these extremely important operations exceed 2 of the total 
cost of the main structure. 
TABLE II 
COST IN DOLLARS OF FOUNDATION GROUTING AND DRAINAGE OF CONCRETE DAMS 
CONSTRUCTED BY THE UNITED STATES BUREAU OF RECLAMATION BETWEEN 1927 AND 
1947 







ing and drainage 
Date of 
cost 
report Cost ($) % of 
total 
Gibson, Montana 2,388,000 161,173 29,000 1.21 April, 1931 
Deadwood, Idaho 1,359,000 55,463 13,000 0.96 June, 1931 
Owyhee, Oregon 6,728,000 488,113 334,000 4.97 May, 1938 
Seminoe, Wyoming 7,083,000 173,127 138,000 1.95 Aug., 1941 
Parker, Ariz. -Nev. 4,695,000 290,640 48,000 1.03 Nov., 1942 
Grand Coulee, Wash. 112,990,000 10,181,742 1,460,000 1.29 Dec., 1942 
Marshall Ford, Tex. 23,395,000 1,838,167 572,000 2.46 May, 1947 
Shasta, California 74,567,000 6,353,227 676,000 0.91 May, 1947 
Hoover, Ariz. -Nev. 77,5499000 3,251,137 1,840,000 2.38 July, 1947 
Friant, California 18,636,000 2,030,736 267,000 1.43 Dec., 1947 
Protective Screens. 
The use of screens to protect dams from seepage and uplift forces has 
been extremely varied in both design and intent. The screen may merely be 
meant as a precautionary measure to give additional safety or it may be an 
integral part of the structure designed to give complete protection from 
seepage and uplift. Screens have sometimes been erected after a darn has 
been in service in order to reduce excessive uplift or leakage, and some 
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screens appear 
to have been built because of uncertainty of the nature and 
magnitude of 
uplift forces. 
The types of screen can be divided into two broad categories; (i) 
"plain" screens which consist of a covering on the face of the dam which is 
made as impermeable as possible and (ii) "hollow" screens which consist of 
a guard wall built in front of the dam and supported against the main 
structure with an air space between the two. 
The plain screen has several forms varying from thin layers of cement 
to sheet metal armour. In the former case a layer of neat cement approx- 
imately 1 inch thick and sometimes reinforced with a metal grillage is 
sprayed on the upstream face. This is intended to form an impermeable 
membrane but its effectiveness is questionable. The possibility of 
temperature and shrinkage cracking is considerable, and whether or not 
cracks form, no known cement is waterproof especially under the high pres- 
sure encountered near the base of a dam. At best this device will reduce 
the permeability of some areas of the upstream face, but water has only to 
enter a crack at one level to decrease the stability of the entire struc- 
ture above that level. The practice of using a richer concrete near the 
upstream face is much simpler and probably much more effective. 
A more robust device employed on some French dams consists of covering 
the thin cement layer with a strongly reinforced concrete slab or 
alternatively to place the cement layer within the slab, coinciding with 
its neutal axis. These methods are probably better than the external 
layer but they are complicated and costly. 
On two Italian dams, the Diavolo and the Gabiet, the upstream faces 
were covered with sheet iron 0.2 and 0.5 cm, thick in respective cases, to 
reduce excessive leakage. Horizontal joints in the sheets were welded and 
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vertical watertight 
expansion joints provided at frequent intervals. At 
the base of 
the dam the sheets were embedded in a trench of rich concrete 
and tarred rope. 
This method was reported successful in reducing leakage, 
but there was some doubt as to whether or not uplift pressure was relieved. 
Indeed the fundamental weakness of all plain screen methods seems to be the 
provision of an adequate cut -off 9 for no matter how imprevious the upper 
structure of the dam is made, if uplift develops along the base the efforts 
at securing watertightness are of little value, their only remaining func- 
tion being to protect the concrete or masonry from the erosive effects of 
seeping water. In modern practice this precaution is generally considered 
of secondary importance compared with the prevention of uplift forces. 
The hollow screen or guard wall provides a much more satisfactory means 
of reducing uplift, and probably its first advocate was Maurice Levy. In 
his paper on uplift pressure already discussed in Chapter 2 he outlines his 
proposals for a "mur de garde ".25 A series of vertical pillars 2 metres 
square and spaced 2 metres apart were to be built against the upstream face 
of the dam. Against these pillars a heavy wall would be constructed run- 
ning parallel to the face of the dam and of the same height. Thus, a 
series of wells 2 metres square would be formed between the guard wall and 
the dam. The corners of the wells would be rounded off to increase their 
strength. `later seeping through the wall would be collected in the wells 
and drained off to the downstream face leaving the main structure dry and 
free from uplift. The simple principle of this device has been employed 
in dams up to the present time. 
The heavy type of hollow screen proposed by Levy has been used in 
several French dams, e.g. the Bouillouse Dam illustrated in Figure 28. 
The segmental 
arches rest against the counterforts which are part of the 
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main structure, but can expand and contract independently with temperature 
change. In some 
cases lead sheeting has been provided as a bearing for the 
movement. 
A refinement of the heavy screen is the light screen or revetment. 
This may again consist of a series of arches of much lighter and more 
graceful form, but attached to the face of the darn (Figure 29). The device 
has been used on various Italian dams but with mixed success. Heavy leak- 
age has often been experienced and attributed to cracks caused by tempera- 
ture movement. Also such a screen may not deflect easily with the dam 
because of its large horizontal moment of inertia. This type of screen 
should make the dam safe from uplift but the loss of water through leakage 
may be a serious consideration. 
From the point of view of elasticity a reinforced concrete slab (as in 
Figure 30) will give a much better performance than the arched revetment. 
It can be incorporated in the original design but it is also comparatively 
easy to erect as an emergency measure after the dam has been in operation. 
Such an erection was made at the Ringdals dam in Norway to stop excessive 
leakage through the main structure. The slab varied in thickness from 
20 cm. at the top to 47 cm. near the base. It is supported by reinforced 
concrete struts with varying vertical spacing (Figure 30) and a horizontal 
spacing of 2.5 metres. The air space is 2 metres wide allowing adequate 
s 
room for inspection. This type of screen is also favoured in Sweden and 
was proposed as an alternative to drainage within the main structure at the 
Third International Congress on Large Dams.31 
The great advantage of the hollow screen is that it provides a definite 
pressure relief point which should attract a large proportion of the water 
which would normally seep through the foundation and the main structure of 
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the dam itself. 
A grout curtain beneath the screen will give further 
protection and drainholes drilled vertically at the foot of the air space 
will improve the water -trapping efficiency of the screen. 
With the slab type of hollow screen it is now the practice to assume 
that the main structure is free from uplift. There has been no evidence 
to show that this assumption is not justified. If the main structure is 
free from uplift a lower proportion of cement can be used in building it and 
this saving will partly off -set the additional cost of the screen. 
The use of a screen rather than a system of pipe drains is, with 
smaller dams at least, a matter of choice, but the former appears to be 
favoured in European countries and the latter in the United States of 
America. The writer has found no case where a screen was built for a dam 
of much more than 100 feet in height, probably because in very large struc- 
tures the cost of incorporating a screen would be excessive. 
Contraction Joints, 
In addition to the above methods designed to prevent or reduce uplift, 
further relief is given where the vertical contraction joints in a dam are 
left open. This is done to allow the individual blocks of the dam to 
adjust themselves to the peculiarities of the foundation without throwing 
part of their load on adjacent blocks. Duplicate metal seals placed at 
the upstream end prevent leakage. The practice is not universal for in 
may cases the joints are grouted up after the concrete has been cured and 
shrinkage has ceased. In cases where the joints are left open, the 
possibility of high uplift pressures developing within the main structure 
is considerably 
the dam, 
reduced without the provision of actual drainholes within 
The decision whether to have open or grouted joints will be influenced 
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to some extent by the distance which the dam has to span. For example the 
Hoover Dam situated 
in a narrow valley has a comparatively short span in 
relation to its 
height (see Figure 26). The contraction joints in this 
case were grouted up to give a completely monolithic structure. This also 
increases the stability of the dam by ensuring an arch action against the 
abutments. Geological investigation of the foundation showed that the 
site of the dam was a solid block of rock lying between two major faults, 
so that the chances of relative settlement in the foundation were not great. 
If a dam has to be built in a wide valley where foundation conditions are 
liable to vary, the possibility of relative settlement is increased and the 
provision of free joints would be a safeguard. 
Uplift Measuring Devices. 
Devices for measuring foundation uplift have varied very little since 
the practice first began. A row of pipes, usually between five and ten, 
joins points along the base of a section with an inspection gallery in 
either of the manners shown in Figure 20. The internal diameter of the 
pipes varies from 1 inch to 3 inches. Uplift head is measured either with 
a pressure gauge attached to the top of the pipe or by sounding if the 
water has not reached that level. Although this method is often very 
effective it has several disadvantages and it is very crude. 
In the case of a dam founded on a gravel or sand bed, there will be a 
large quantity of seepage water present beneath the structure soon after 
the first filling of the reservoir. Provided the pipe has access to this 
supply, a head of water can be measured in it corresponding to the uplift 
at the base. However, for a dam set on a tightly grouted rock foundation, 
the discharge beneath it will be comparatively small because of the low 
permeability; 
and for a structure like the Hoover Dam where some measuring 
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pipes are over 100 
feet long and contain many gallons of water, it might 
require many years 
before sufficient water is discharged into the pipe to 
give a true measure of 
the pressure at its base. 
The same criticism applies to the so- called "pressure cells" installed 
to measure pressure in the lift joints. These cells consist of sacks of 
gravel connected by pipes to pressure gauges in an inspectfion gallery. 
Once again the time required: to fill these cells must be considered in 
estimating their value. Such installations were made at Gibson, Owyhee and 
Hoover Dams in the U.S,Ao 
19 
At the Gibson Dam observations were discon- 
tinued when no sign of pressure was apparent after 12 years. At Owyhee, 
observations from 1934 to 1951 showed no signs of pressure. At the Hoover 
Dam no pressure was recorded during observations made between 1935 and 1951. 
The practice of using large bore pipes is not without value, but the 
results may be misleading or entirely erroneous; e.g. if the pipe becomes 
blocked and cannot be cleaned or, contrarily, has access to a water bearing 
fissure. Only when a distinct relation is established between fluctua- 
tions in level in the reservoir and the measuring pipe can the observations 
so made be accepted as valid. For example, on a chart showing reservoir 
level and pipe level plotted against time, the peaks and troughs of the 
reservoir graph should be followed by corresponding peaks and troughs in the 
measuring pipe graph with a time lag (usually of several months) allowing 
for the pressure change to reach the measuring point. Such graphs from 
measurements made at the Gibson Dam are shown in Figure 21. The trough - 
peak relation is recognisable at least in the first two graphs, showing 
that this system has been working efficiently. 
With more accurate devices, pore pressure has been measured in the 
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At fliwassee 
and Fontana Dams in North Carolina, a pressure cell containing 




by the United States Bureau of Reclamation (U.S.B.R.)4 anal 
their use up to 
the present has been very limited. A diagram of the cell 
A complete electric circuit is made by the copper 
is shown in Figure 31. 
tube, cell casing, metallic diaphragm, contact button, insulated wire, 
battery and galvanometer. Compressed air is introduced through the copper 
tube until air pressure a little more than balances the water pressure. 
The contact button on the diaphragm then moves away from its contact with 
the insulated wire. The break in the circuit is recorded by the galvano- 
meter and a pressure reading taken. In this way only a very small volume 
of seepage water is required to measure the pressure and there is no drain- 
age effect to upset the flow pattern and give a misleading local result. 
Unfortunately these cells can only be used safely with a head of up to 200 
feet, Those installed at Fontana worked normally for some time but 
subsequently failed under a head approaching 400 feet. 
Piezometric tips (Figure 32) were also used at Fontana to give results 
similar to those of the diaphragm cell. These consist of a small plastic 
chamber closed at one end with a porous stone. Into the other end run two 
4 inch copper tubes connecting the chamber with the observation point. 
One tube is permanently connected through a valve to a Bourdon pressure 
gauge. The other tube, also provided with a valve, is used to fill the 
system with water before observations begin. In this way the necessity 
for a large volume of seepage water is again obviated. 
One further instrument, a Carlson -Terzaghi cell, was installed in the 
Fontana Dam at the same elevation as the piezometric tips. The record of 
this instrument 
as shown in Figure 25 is quite consistent with those of the 
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piezometric 
tips. The device is an adaptation from the Carlson strain 
meter and was developed 
by Professors Carlson and Terzaghi for measuring 
pore pressure in earth dams. 
. It consists of a pressure diaphragm attached 
to a strain gauge so that the deflection of the diaphragm under pressure 
This cell and the piezometric tips do not can be measured by the gauge. 
appear to have any practical limitation such as the pressure cell described 
above. 
A great deal could be learned about the rate of development and 
magnitude of pore pressure if sensitive pressure cells entirely replaced 
the large bore pipe systems used up to the present. These cells, arranged in 
a regular pattern across the foundation and lower levels of the dam where 
pore pressures are highest, would enable an accurate check to be kept on 
uplift at all times. A comparison could be made of the effectiveness of 
uplift reducing methods, warning would immediately be given of high pres- 
sures, and accurate comparisons could be made between actual uplift and the 
uplift allowances made in design. The present evidence indicates that 
pore pressure seldom develops downstream of a well built drainage screen; 
if this could be confirmed by more accurate measurements it could lead 
eventually to a substantial reduction in the size and cost of dams. 
Many cases have occurred where remedial measures have been carried out 
to reduce leakage, but owing to the absence of an uplift measuring system 
it was not known whether uplift had also been reduced, or whether it had 
been or still was endangering the stability of the structure. Such a 
system should be a feature of every new dam, for the value of the informa- 
tion it provides and the reassurance it can give to t'ie owner of the dam 
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,,,,;n Assumptions. 
No positive rules can be laid down about uplift assumptions. They 
will vary from job 
to job and will rest in the last resort with the 
designer. They will 
be based on standard recommendations, on precedent 
and on his own judgement, 
taking into consideration the peculiarities of 
the site on which any particular dam has to be built. It is interesting, 
however9 to examine a few cases of uplift assumptions and compare them with 
actual pressures measured after the dams have been in service. 
The eight U.S.B.R. dams of Figure 19 were designed on the assumption 
of full uplift, i.e. a linear variation of pressure from headwater to 
tailwater across the base of the structure. An area factor of two- thirds 
was used. This is almost equivalent to a variation from two- thirds head- 
water to tailwater with an area factor of unity. It will be observed that 
apart from the Hoover Dam all the measured pressures fall within the two - 
thirds line and the average curve at most points is within the one -third 
line. This indicates that the uplift assumption has been adequate if 
not excessive. The measurements were made before remedial measures were 
carried out at the Hoover Dam, thus the high pressures in this one case. 
Figure 33 shows a composite or average pressure line for four large 
dams of the Tennessee Valley Authority (T.V.A.). It is seen to be well 
within the non -linear design assumption also shown in the figure, even 
allowing that for three of the dams, Douglas, Hiwassee and Cherokee, an 
area factor of two- thirds was used. At the fourth dam, Fontana, the area 
factor was taken to be unity. It will also be noticed that the average 
curve from Figure 19 falls within the non -linear design gradient even when 
the area factor two- thirds is considered. 
When effective drainage is installed, a non -linear design assumption 
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is more logical 
than the linear assumptions generally used in the past with 
low area 
factors. There is at present no justification for employing an 
area factor 
of less than unity9 and the continued stability of structures 
where low area 
factors have been used is probably largely due to the fact 
that uplift pressure 
seldom develops to the magnitude assumed in design. 
Chapter 6 
THE EFFECT OF PORE PRESSURE ON TEE DISTRIBUTION OF STR]ESS_IN GRAVITY DAMS .,_ w.R . . . 
A great many works have been written on the various aspects of the 
uplift problem but not many of these have included other than approximate 
deductions about they stresses caused by pore pressure. In many cases 
these deductions have not been supported by mathematical proof. A few 
writers, however, have tackled the problem by exact analysis and this 
section is devoted to a summary and study of such work, including some 
recent work in which the writer has assisted. 
It has been necessary to simplify the problem since the elastic 
analysis of a gravity dam of conventional shape with foundation restraint, 
even treated as a two-dimensional problem, involves difficult and lengthy 
mathematical work which has no direct bearing on the problem of pore 
pressure. It has therefore been expedient to idealise the problem and deal 
with triangular profiles of great or infinite height with the reservoir 
reaching the level of the apex of the dam. This sithplifioation is not 
unreasonable, for various investigators have shown that the resulting 
stresses correspond closely to those found for practical profiles for 
sections not immediately adjacent to the foundation.41,42,5 
Elastic analysis shows that for an impermeable dam of great or 
infinite height, assuming two -dimensional plane strain conditions, a linear 
stress distribution exists on plane sections. Maurice Leviy was the first 
to publish the proof of this i.n 1898. 
26 
How the stress distribution is 
altered by the presence of pore pressure is not generally known except in 
the very simple 
case whore porn pressures varies linearly from the upstream 
end to the downstream end of horizontal sections. However, work has 
recently been done which makes possible the calculation of stresses what- 
ever the distribution of pore pressure may be, provided the pressure can be 
defined in explicit mathematical terms. 
Alm t .onset 
The usual assumptions are made that the dam is elastically isotropic 
and of uniform density throughout. These conditions are only approximated 
to in practice because of the inevitable variation in the quality of - 
àifféront batches of concrete, and the well -known creep characteristics of 
the materials but such assumptions are necessary or the problem becomes 
impossibly difficult. 
The assumption that concrete is a homogeneous material is not strictly 
correct because of the presence of pores9 but the pores are so minute that 
the assumption is sufficiently good for all practical purposes. One 
writer, whose work is discussed in Appendix B has attempted to deal with 
both the elastic constants of concrete as a homogeneous material, and the 
elastic constants of the interpore material. In so doing he finds a basis 
for a useful method of solving pore -pressure problems by analogy with 
thermal problems$ but the solutions thus derived are shown to be identical 
with those found without considering interpore material at all. 
I. Work of J. H. A. Brahtz 
A general treatment of the influence of pore water pressure on the 
stresses in hydraulic structures was presented by Brahtz at the Second 
International Congress on Large Dams, Washington, D.C. I936.5 The 
following conclusions (i) and (ii) are of particular importance: 
i) Foe the steady, continuous, laminar flow of an incompressible fluid 
through a porous medium the distribution of fluid pressure is 
governed by the Laplace equation: 
V2/61 
when the seepage obeys Darcy °s law the pressure function 
harmonic. 
P is 
The percolation of rater through concrete is assumed to resemble 
closely the above conditions. 
ii) The stresses determined by the boundary and body forces in the 
absence of pore pressure must be decreased by an amount np if 
internal liquid pressure is also present. 
n ie the area factor. 
The proof of this latter conclusion will be shown in detail for it is 
the subject of further examination in the next chapter. The proof applies 
only to simply- connected bodies for reasons which are set out in Chapter 7, 
Proof. 
The state of stress at a point (k ,y, 
in a stressed body can be represented as shown 
in Figure 349 irrespective of whether or not 
the body is subjected to internal pore pres- 
sure. (The tern "stress" is understood to 
menthe average stress on plane sections 
intersecting voids and solids, and not the 
stress in the intorpore material). Arrows 
denote the positive directions of the stress comr:onents and gravity is 
assu5od to act downwards in the direction of the y axis. 
When a water pressure ,b sots in the pores of the body, a body force 
of magnitude -r). yrQcJ,D per unit volume of the body exists. The 
fyure 34- 
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represents the weight per unit volume of the body, and in the 
. -0 (1) 
case of a porous body, its saturated weight. 
The equations of equilibrium. are automatically satisfied if the 





==. , / d)/ (2a) 
t t?, (2b) 
(2e) 
4.;" 
In trip case of a non -=porous body the terms involving disappear from 
equations (1) and (2). 
For a unique solution the stress function must also satisfy the 
condition for compatibility of strains which, in a two -dimensional plane - 
strain problem, is 
I V 
where / is a potential function representing all body forces. 
For a non -porous body, if weight is the only body force, 
and 
(3) 
Trzy o (4) 





For a porous body having a pressure gradient in the pores: 
so that: 
72' ' ` 
and the governing equation (3) becomes 
(6) 
However, in regions of continuous flow, T72-» g 0 from hrahtz' conclusion 
(i) so that (6) becomes: 
V 1? o (7) 
Thus the governing equations (5) and (7) are identical in the cases of 
porous and non -porous bodies. 
The arbitrary constants in the general solution of (5) or (7) must be 
determined from the boundary conditions. In the cases of porous and 
non -porous bodies these vary only with the normal forces at the boundary 
where fluid pressure is applied for example the upstream face of a dama 
It will be supposed for convenience that this boundary coincides with the 
y-axis, then considering the boundary conditions; 
at if, a 0 let the applied pressure be iti® 




dy, For a porous b from equation 2a Ya  ( ) 
(8) 
Fi9ure (jSa) 
compressi c») plated 



















4.'0: - /o° (9) 
The results (8) and (9) are identical arad independent of the area factor, 
therefore, the stress function /3 is identical for the two oases. It 
follows from equations (2) that the stresses ira a porous body can be found 
simply by deducting an amount ,,4 from the stresses in a geometrically 
similar non -porous body under the same conditions of external loading, 
whose weight per unit volume is equal to that of the saturated porous body. 
This is Brahtz' second conclusion. 
II. Brahtz' conclusions applied to a triangular darn and thproblem 
when the Xt essurei is discontinuous 
Consider the vertical stresses on a horizontal section ßc of a 
triangular dam of infinite height with a vertical upstream face (Figure 35). 
In the absence of pore pressure the stresses on £C are caused by the weight 
of the dais W' and the hydrostatic thrust P. A distribution of stress will 
exist as shown in the full -line diagram of figure (b)a 
Supposing now that pore pressure o icts across the entire section, 
varying from full xeservoi-r head at ß to zero at C ; if seepage obeys 
Daroygs law then, by Brahtz first conclusion, the pressure function A will 
be represented by a straight line as in the full -line diagram of figure (c) 
If 04 represents the full hydrostatic pressure at Q , the influence of 
the area factor rj will b© to reduce the effect of the pressure at 6 to 
some value eh where e : c is in the ratio of n :unity. The stress 
distribution 
on tr, is then obtained, according to Brahtz' second conclusion.) 
by subtracting the area sic from the stress diagram of figure (b)6 The 
resulting stress distribution is shon in figure (d). 
The case is now considered where a system of effective drainage within 
the dam oreates a drainage plane at an ang, e,6 to the upstream face, 
intersecting 842 at The treesure distribution on 8C for this is 
ehovtn in figure (e) and the pressuro function jß has noie two gradients. On 
either sido of D the expression holds good, but at the point 1), 
is equal to infinity, a contingency for which Brahtz' theory does not 
provide. 
In estimating the resulting stress distribution one might either 
assume that Brahtz' theory is still applicable and so deduct the area 
of figure (e) from figure (b) to give the stress distribution in figure (f), 
or consider the pore pressure as a resultant force (J caúsing a linear 
distribution of stress as in figure (g) then subtracting figure (g) from 
figure (b), the resulting stress distribution is shown in figure (h). There 
is no fully logical reason for adopting either course, although the second 
is more in keeping with the general practice of stress calculation. Tho 
oorrect solution can only be found by analysing the problem from first 
Drainage within a dam is likely to be caused either by a series of vertical 
drains situated at intervals along the face of the dam, or by a drainage 
gallery running at right -angles to a transverse section, or perhaps to a 
combination of both these and other small drains. The free water surface 
within the dam will vary with the orientation of the various drains and it 
is liable to have some arbitrary shape not easily expressed in mathematical 
terma. The assumption of a drainage plane passing through the apex seems 
a reasonable idealisation which at the same time, is easily expressible in 
mathematical 
terms for the analysis which follows. 
Figure 3 
Figur-e 37 
n . `" b - 
rorincipl es and this solution is not generally known. A reference was made 
to the problem by Lo Ghorardelli in 1951 but no solution was offered,ll 
The solution has recently been derived by Dr. O. C. Zienki.ewicz at the 
Sanderson Engineering Laboratories of the University of Edinburgh, and is 
at present pending publication. The writer has assisted in this work and 
worked out numerous examples some of which appear later in the text. An 
outline of the solution is given on the following section. 
III. Work of O. C. Zienkiewioz 
'In the analysis of this problem it is convenient to use polar 
co- ordinates r and o The origin is taken at the apex of the dam, and 
is assumed positive in the anticlockwise direction measured from the upstream 
face (Figure 36). The apex angle is o and the drainage plane makes an 
angle /6 with the upstream face. 
Stress -Strain Relations and the Governin{ Equation. 
From consideration of symmetry the distribution of stress and of pore 
pressure on similar sections must follow a similar pattern. It follows 
that stresses are generally of the type P AO where I(e) is a function of 
® only, 
The state of stress at a point can be represented as shone in Figure 
37. Rewriting the equilibrium equations (1) in polar co-ordinates: 
DI; S, Cra Jr; È "xis 9 á O 
ki it. 047%, - - .a/ ® ° ® 
a® ® 
Equations (10) are automatically satisfied if the stress components are 
defined in terms of a stress function y5 in the .rol lowing manner: 
t; - 
{ 
d s 7 gi, I- r% 07a # f0 - Als ° eitd® 
V 4 Q ` # ® -?i '' -. 8 dr 
lem é 
g 
® O ® le 
araa 
must also satisfy the oondi vi_on of compatibility: 
r 0 mr /240 -2 (B° w 
which holds both for Cartesian arad polar co- ordinates. 
(6) 
In order to satisfy equations (11) it is sufficient that the stress 
function 0 should have the form: 
= rib(6) 
where he) is a function of (8) only. 
The distribution of pore pressure can in general be defined in the 
forms / 0 11 0444 
where 09 is a function of (®) only. Provided p can be defined 
explicitly in the above form, there is no limitation on its form of distribu- 
tion. 
The substitution of /6 and 93 in equation (6) gives the following 
ordinary linear differential equation 
61644- 
where J denotes: p / denotes /(j1 and k is equal to 4,e !°V 
Sólution of the Garrernin Equation. 
The general solution of equation (12) has the forms 
(l3) 
918, e. and ¿ are arbitrary constants which must be determined from the 
boundary conalti.oriz? in elys 
=-4(1-n) a-C e 0 
C5 4) ae e 
é 
Wire A is the hydrostatic pressure in the reservoir. 
The value of the particular integral depends on the form of the pres- 
sure distribution. For the particular case where A is reduced to zero at 
the radial drainage plane, the pressure distribution shown in Figure 35(e) 






® 4 e aC 
wham 449 is the unit weight of water. 
(l5) 
r 
The term ¡9' 9) in equation (12) is equal to zero except when 49:-./3 
when it becomes infinite. It is convenient to represent this term by the 
Dirac 'delta' function which is defined as follows :6 
4m4 act' G41" 6$61 
9 -o, ß 
k®-p) d® 
Subatituting the delta function in ()ciliation (12) gives 
. ® ® [4(0°4) (16) 
kb-1V - tibtO # dal) 01) 
where 
R1 
which is a constant? can be found by integrating both sides of equation 
(17) over any range of e from ßd e <13 to /34®4. o 
pressure defined in equation (15)e g has the value 
equation 24)0 
tion method in a manner similar to that shown in Appendix chop b. The result- 
ing form of i $ °t b.eó a 
8pm®¢ 
don ®¢c 36¢(3 30,E ra. 363 -') -3 ,( °/3 /+( ®-79) /t 
where 
Equation (16) can then be 




solved by the Laplace transforma- 
/74 
g (16 M 
Evaluation of the C on st ant s. 
Q 
ay applying the boundary conditions (14) to equations (11) it is found 
and 
E if*vs ° i'dd) 
/ a 
f 







Substituting (19) in (18) gives; 
n 
..iRi cs 8) 
® 2 
and. 
aZ' a 5 
aie ° O 
`r t,s-v$64 /g) ., 2" 
(19) 
d 4) 6 . 12 °ail.! r fi x.4,,; t,e ¢ fi 60"/ 4 
The Stress C ompone;2.2,a 
3 
By expressing O = i in Cartesian co- ordinates, the stress components 
0-61 p t5,are readily found. They have the form: 
--coy a,e/e @ .f ̀ I,.`'r''/,3) ,cd... /s 1(6.-M 4 r)/6 
se y : .91194 4'76I k (.Y &I" y,"M ed 10 78) # 4/6 
,,il , (2oj 
rey --z I m'6.y. 4v4 yb-4 
Equations (20) show that the distribution of stress is linear in all oases 
with a change of gradient where a section intersects the drainage plane. 
At this point the term involving the step function //(® ,8% increases from 
zero as e becomes greater than f . The distribution of stress on any 
plane section is known therefore if the stresses at the end of the section 
69:0) and( = o) and at the drainage plane v /6) are calculated. 
The stresses which most interest the designer are the vertical and 
shear stresses on horizontal sections. The expressions for these stresses, 
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The above expressions have been computed and plotted for a dam with 
apex angle ßc 40°, and whose weight per unit volume /a : 2 42 . These 
values give a vertical stress of zero at the upstream face in the case of 
full uplift, i.e. when ¡3 _ o< and the area factor r m ! o The stress 
diagrams are shovm in Figures 38 and 40 for a drainage angle (3 of 200, and 
in Figures 39 and 41 for a drainage angle (3 of 10°. 
The corresponding results obtained by the straight -line method'-of stress 
calculation referred to in Section II, are shown for comparison by the 
dash -line diagrams in the same figures. The distribution of vertical 
stress, found by extending Brahtz, theory to this case, is also shown in 
Figures 38 and 39, 
The area factor has been taken as unity in all computations. Values 
of zero and 0.16 have been used for Poisson's ratio. 
.. V¡ .._ 
There has been considerable uncertainty in the past about the value of 
Poisson's ratio and it is known to vary with tima because of creep. Values 
ranging between zero and 0.2 have been used, and recently published work 
gives an average experimental value of 0.16. It has been shown in testa 
that although the value is of this order on immediate loading, the effect 
of creep is to decrease the ratio to a much smaller value with time. It 
has therefore been suggested that to assume a value of zero in the first 
instance will give just as realistic am answer as to assume a value of 0.15 
to 0.20, and at the same time will simplify calculations.43 This is 
obviously a question which requires fuller investigation before any logical 
ruling can be adopted, and it is of secondary importance to the present 
oaloulacions. However, to illustrate the effect of Poisson's ratio, values 
of zero and 0.15 have been used in the calculations of Figures 38 to 41. 
In all subsequent calculations a value of zero only is used. 
IV. Problem when pressure is not reduced to zero at the draina e line 
In the case where drainage is not fully effective, the pore pressure 
at the drainage line may be supposed to drop to some fraction A of the 
full reservoir head. This is the case with the non -linear design assump- 
tion shown in Figure 33. it is a straightforward matter to extend 
Zienki.ewjoz° methd to meet this case. 
The distribution of pore pressure defined in the previous case by 
equations (15) now becomes: 
Acc/4 4 6 . í° ,Sir ty) 
4 .SYrd, /3 
- 4`". 
Szne o( -/5") 
At ® 4. fiJ z N' 
U" ff °'° o 
u ,-- .. V ... 
The quantity VI .2 arising in equation (12) is again equal to 
zero for and equal to infinity for 6 .318 o It can therefore be 
represented by the delta function S Ce °t39 
such that; 
Ar ° r) at (q >62. as in equation (l7)0 
In this case, however, the value of y obtained 
by integrating both sides 
of the latter equation, 5.s different from the previous case. It 
is 
obtained as follows.. 
Since both sides of the equation have the value zero except at g %/ 
it follows that integration over the range -ems to +a* will 
give the same 
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(The value of AC when pore pressure is zero at the drains is simply obtained 
by putting A ® in expression (24) ). 
By substituting expressions (24) in equations (20), the following 
values for the stress components have been obtained, corresponding to 
expressions (21) and (22) . 
Vertical Stress. 
gra4o)(t*o): 
y 2 Sü-a.c Ar" C-/3) e fi-1l , L 
, 
P . i / 0 I'1 
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Sheer Stress. 
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The stress diagrams computed from expressions (25) and (26) are shown in 
Figures 42 and 43. has been taken as 20°, A as 50% and Poisson's ratio 
V as zero. 
V. Parabolic distribution of pressure 
The case is now considered where, because of some peculiarity of the 
concrete or owing to the effect of drainage, the pressure distribution is 
non- linear and can be expressed by a cubic parabola, thus: 
® ee 
The pressure distribution is shown in Figure 44a. 
Substituting this value of into the governing equation (6) gives: 
(27) 
ei f 3,V se- 4-4-.4)1 6,-6) - 661-e)] 
Solving for J by the method of inverse differential operators: 
.T ui9era of9 I 6 ,c # C cod 3e9 s? 36 -ler QÍ,_6)3- 2 %? (ce J tek) 
The constants 4, 4 and 2) must be found from the boundary conditions 
as before. The stress function # oan now be expressed 
in the form: 
o o 4o 
%r Cergy t' Jose iv/dí1 
PoroÓoiic ,pressure ô'isfi-26urion 
Figure too 
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Substituting expression (29) into equation (2b), the vertical stress (Iy 
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Equation (29) has been plotted for a horizontal section of the dam.. 
The stress distribution is shown in the full line diagram of Figure 44b.. 
The dash -line diagram shows the corresponding straight -line distribution, 
VI. The effect of the area factor n 
The effect of the value of the area factor fl is illustrated in Figure 
45. The vertical stress Cy on horizontal sections is plotted for a dam 
with apex angle of 400; drainage angle p, 20°; and values for f1 of zero? 
0.59 and 1,O0 Both the correct theoraticai distribution and the approx- 
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Discussion of results 
Comparatively small discrepancies exist between the correct theoretical 
results and those found by assuming a straight -line distribution of stress. 
The magnitude of the errors depends, among other factors, on the position of 
the drainage plane. This is illustrated in Figure 46 where the errors 
involved in the straight -line assumption are plotted against values of the 
angle ß 0 When @a á 40° and Vt $ 0 9 the stress at the upstream face has 
a maximum error of 0.0370/ when p m 2100 The stress at the downstream 
face has a maximum error of 00054 Atj when 30.5°0 Greater errors are 
incurred with increasing values of Poisson's ratio. 
The stress distribution found by extending lirahtz' theory diverges 
considerably from the correot result. 
Fi re 4 0 
As in Figure 469 Figure 47 shows how the errors incurred by the 
straight -line assumption vary with the angle p 
9 
but in this case Poisson's 
ratio V has been taken as 0.16. The maximum error at the downstream face 
is 0.0854.4.y when /30 29°0 As /3 decreases, the error at the upstream face 
increases, reaching an apparent maximum value of 0a189í when 
1d 
s. 000 
(See Figure 48). Ir. fact, the correct value of q at this point is given 
by expression (21b) when z000. The discrepancy can be explained in the 
following way. However close the drainage plane may be to the upstream 
face there is9 in heory, a horizontal body force equal to ®ni 0 If /29I, 
the stress component 41 varies . from zero at the upstream face to -0 at 
the drainage plane an infinitesimal distance away. This discontinuity in 
horizontal stress creates a discontinuity of vertical stress if Poisson °s' 
0 0i,/0/ w n sso 
o0F 
(,ji- an, 
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ratio is greater than zero? as? in fact? is shown by the difference between 
expressions (21a) and (21b). 
For values cf /3 greater than zeros an appreoiable error still exists 
in the straight -line assumption, For a practical case it is unlikely that 
ßwould be less than 5° for an apex angle of 40 °. In this case the 
error in óyc is 0.167eqj when VI e 0.16. For a section at a depth of 
100 feet9 this error corresponds to a stress of 7.25 lb. /sgq.in.9 so that 
the discrepancy is not serious. Smaller values of Poisson's ratio decrease 
this error? for examples for 
c e OclOs the error is only 4.3 lb. /sg.in. 
Figure 49. 
This figure corresponds to Figure 46 for the case of of= 32° 44° 
a value which gives zero stress at the downstream face when there is no 
uplift.° The errors incurred by the straight -line assumption are appreciably 
smallerthan those eecuring with the larger apex angle. 
Fisures 42 and 43° 
In the case where the pore pressure is reduced by only 50% at the 
drainage lines the errors incurred by the straight -line theory are of 
smaller magnitude than when drainage is fully effective. In this case the 
application of Brahtz° theory to the vertical stresses does not lead to 
serious errors 9 as seer in Figure 42. 
Fi uxe bo 
Por a parabolic distribution of pressure the straight -line method 
approximates closely to the correct stress distributions but the use of 
$rahtz° theory ineure considerable errors. 
LleatPIL194_41 and A3. 
With shear stresses the errors incurred by the straight -line assumption 
are of greater magnitude than in the case of vertical stresses. The error 
JO 
ág greatest when (3. c< and when Poisson's ratio V. w 0. The maximum 
error at the downstream face for the case shown in Figure 40 is 0.18 wt9 
9 i.e. 
the straight-line method underestimates the stress by 13%. If drainage is 
not fully effective as in Figure 439 a decrease is noted in the magnitude of 
the errors. A variation in Poisson's ratio causes less variation in the 
stresses than in the case of vertical stresses. 
Figure 45. 
Different values of the area factor n lead to considerably different 
stress distributions. If the value of fl is overestimated the section will 
be excessively safe from tension at the upstream face. 
The error incurred by the straight -line assumption decreases with 
decreasing values off). 
VIII. Conclusions 
1. Vertical Stress on Horizortal Sections. 
In general the assumption of a straight -line stress distribution gives 
a good approximation to the correct vertical stresses. The true stresses 
at the upstream and downstream faces are more tensile than those indicated 
by the straight -line theory. Discrepancies between the two methods are 
increased with: 
i) Increasing values of Poission's ratio 0. 
ii) Increasing values of the apex angle ot . 
iii) Increasing reduction of pressure at the drainage line. 
iv) Increasing values of the area factor 81 . 
ner. V116 0, the error at the upstream face increases with decreasing values 
V Otherwise, discrepancies vary withde 9 having a maximum at some 
optimum value of 
13 
- 92 - 
2. Vertical Stress - Brahtz' Theory. 
In general, large errors are incurred by the extension of Brahtz' 
theory to cases 
in design would 
upstream face. 
underestimated . 
where internal drainage exists. The use of Brahtz' theory 
lead to a section excessively safe from tension at the 
The compressive stress at the downstream face would be 
Only in cases where drainage is not very effective, or 
where the drainage plane is close to the downstream face, i.e. in cases 
approaching full uplift, does Brahtz' theory give fairly accurate results. 
Otherwise it cannot be extended beyond the limits of its strict applicability 
Ariz. where the pressure function is harmonic throughout the entire region. 
3. Shear Stress on Horizontal Sections. 
The assumption of a straight-line distribution of shear stress will 
underestimate the maximum shear at the downstream face. The error is 
greatest when r3 m 
ig 
c , and decreases to zero as - d or as f3 °4 ßt The 
error decreases with increasing values of Poisson's ratio. The straight- 
lira assumption cannot be said in general to give good results in the case 
of shear stresses. 
4. The Area Factor. 
A knowledge of the correct value of the area factor is extremely impor- 
tant in designing an economical section. 
Chapter 7 
THE DISTRIBUTION OF STRESS IN THICK POROUS CYLINDERS DUE TO PORE -WATER 
PRESSURE 
The solution to the problem of the distribution of stress in a thick, 
circular cylinder of solid material due to internal or external fluid pres- 
sure, can be found in almost any text -book on "Strength of Materials" or 
the "Theory of Elasticity". However, if the cylinder is made of a material 
OuUh as concrete containing continuous voids, a body force will exist aris- 
ing from the presence of water under pressure in the pores of the material. 
The resulting distribution of stress in not generally known. In a paper 
published in 1954, Gherardelli assumed that Brahtz° theory of pore pressure 
was applicable, and therefore subtracted the pore pressure at very point 
from the normal stress in a cylinder of solid material.11 The analysis in 
the following chapter and in Appendix A shows that Brahtz ° theory is not 
applicable in a region of multiple connection, and that the stress distribu- 
tion in a porous cylinder must be deduced from first principles. 
Solutions are also given for other problems of a similar but more com- 
pies mature; viz. (a) the effect of reducing the pore- pressure by drainage 
before the percolating water reaches the free boundary, and (h) the effect 
of an impermeable boundary within the materials 
Ae_ g e lions and Conventions. 
The material of the cylinders is assumed to be perfectly elastic, 
homogeneous and isotropic. 
The problem is treated as a case of plane strain and the effect of 
raraty forLes is not >aúä?ac. 4 
The stress components are defined in Figure 37. 
ID The distribution of etresó_i,n á th ck porouá çylinder sub3eoted to 
internal pressure 4 and external pressure 
Stres in a I on-Pox agas al i rider. 
If a pressure /5 
is applied to the internal boundary (r a) , and a 




cylinder, the radial and tangential stress components Cri. and Cie ares 
° 4 A vy ! _ k 
(Aä-a..5) 
6 - -64 ° A / eG,a3 fP l 
(30) 
If the external pressure jj is e ;uat to zero, equations (30) reduce to: 
> 
/ 4,7e, G / ° r / ® 6° y 
11 -al B' a (3l) 
/2- 
1. â t,ii) 
It is required to find how the above expressions are affected, in the case 
of a porous cylinder, by the addition of a body foros due to the radial 
percolation of water. 
Distribution of Pore Pressure. 
Assuming that the percolation of water through the cylinder obeys 
Darayea law of seepage, from Brahtz' first conclusion (see Page 73) the 
pressure function A obeys the Laplace equation which, in polar oomordinates9 
omitting expressions involving because of symmetry, isô 
et 
a i 4) 
Se_ 4r., ',_- r cdr for example reference 40, Chapter 4, equations 450 
or; 
therefore: dP m- a cantanÿ 
Solving for p and imposing the boundary conditionss 
a-r a 
_A at 
the distribution of pore pressure is given bys 
Again if QÓ6 sa 0, equation (32) reduces to 
Gherardelli ° s Fixprees1..oraa fod che Stress Distribution. 
(32) 
(33) 
In the paper mentioned in the introduction to this chapter, Gherardelli 
stated that because the pore pressure /S was harmonic, Brahtz° results were 
applioableoll Thus in the simple case where )64 = 0, he simply added 
expression (33) above to the normal stress components (31) for the section 
of a non- porous cylinder. The resulting expressions, inserting the area 
factor i7 , were 
a 
4;723) , ,¢ ,4 114 44 hy6,k. W±-- 471f/ß 
However, when the writer worked out the problem from first principles and 
included pore pressure terms in the governing equation, it was found that 
(34) were not the correct expressions-for stress, and this lead to a 
(34) 
- 96 
re =examination of Brahtz' results (Chapter 6, Section I) as applied to 
multiply- connected bodies. 
Brahtz' Conclusions and Mu?tTpl czConneoted Bodies, 
The essence of Brahtz' proof for singly- connected bodies, given in 
Section T of Chapter 6, was: 
i) That the governing equations (5) and (7), and thus the general forms 
of that stress function 90 , were indentical for porous and non- 
porous bodies, and 
ii) That the arbitrary constants in the general solution of (5) or (7), 
which were determined from the boundary conditions, were also 
identical. 
Then from equations (2)9 it was seen that the stress components differed 
only by an amount 4 
The first of the above steps applies to any section whether singly - 
connected or multiply connected, for up to that point the boundaries of the 
section have not been considered. Therefore 
4 
again, the equation % 0 
o (5) and (7), holds good. The general solution of this equation 
in polar co- ordinates, for a radially symmetrical case, is; 
Øi 9 Joyr Br'/ r 4 ef' z 1J (35 ) 
The stress components (2), rewritten in polar co-ordinates and assuming 







Considering now the second step of Brahtz' proofs the stress components 
(36) contain the three arbitrary constants A?, 8 and e in the general 
exPression (35) for , yet for the section of a cylinder there are only 
7 - 
two bout dary conditions namely the conditions of normal stress at the inner 
and outer boundaries, Thus the constants cannot be determined from the 
boundary conditions alone and it is necessary to consider displacements, 
imposing the conditions that they must single valued functions only. No 
such conditions are considered in Brahtz' proof. 
Substituting the general expression for 0 9 the stress components (36) 
become: 
t3 (3 2 /..,,ri) :L 2 C. )s. f1/6 
8(3 243 r) 1-2e f 
( 37 ) 
It is shown in Appendix A that the constant 8 must have a value of zero in 
the case of a nonporous section, in order to fulfil the condition of single - 
valued displacements. The remaining constants and C, can be found from 
the boundary conditions. But in tha case of a porous section where pore 
pressure creates a body force and additional terms are involved in the 
expressions for displacements, to fulfil the condition of single -valued dis-. 
placements the constant ¿3 has a value greater than zero and so tha values 
of constants 9 and e also differ from those for a non-porous section. 
It has thus been illustrated that Brahtz' proof is only sufficient for 
singly- connected sections where the stresses can be determined from the 
boundary conditions alone, In the case of a multiply- connected section, 
the additional condition which it is necessary to impose leads to a differ- 
ent particular value of the stress function, so that Brahtz' result is no 
longer applicable. 
The 
Ga__ yernin Equation for the Sect ion ofi linden. 







,e is the body force por unit volume of the body, and in this caseQ due to 
the presonce of water in the poresg is equal to a cx The equilibrium 
equation can then be written: 
c4.1' 
(rrr,) - C;. F;. - o ( 38) 
Equation ( 38) is autos17atioalIy satisfied by a stress function /: i? the 
stress components are defined in the following manners 
k 4,7 = 0 
dA v 
( 39) 
In the case of eAsmp;,ete symmetry, the radial and tangential strain 
cmprgnenbtsg 4 and 4 respec°tively g expressed in terms of the radial dis 




Eliminating Le between equations (40) gives2 
- r 6" 0 
dÉ 
which is the condition for compatibility cf strain. 
substituting the plane strain relatiansz 
ma 
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in equats:ora (41) v and expressing the stress components in terms of 3b.z 
stress function G7 (equation (39) ) s the governing equation be cem.es x 
r 4",- ry p /-.ß'r 11t^ %° (43) 
Equation (43) is the general equation fox any distribution of stress in an 
axially symmetrical system. In general the solution entails the substitu- 
tion r. where f, is the radius of the inner boundary and e, is the 
base of natural logarithms. 
The Stress Comments and 
It has been assumed that the pressure function is harmonic, i.e. 
72 o o The governing equation (43) becomes then: 
d2/ 6 :6 d r c r 
Substituting tr.:: a e,t 
Qaet (44) - = 
where Q is a constant and equal to ar íßi' - /(pg. -A) (from 1-19 (/- v) /1ya /d equation 32) 
Equation (44) is readily solved to gives 
f= nf r q v° /I (23 Pfrr 
; 4 and C1 being constants9 which must be evaluated from the boundary 
oonditionaQ viz. 
4;-. = --A 6'1-0) at r w4; (46) 
4 . °- .t r m I ° `°; 
Prom equation (45) and (39) 
a/ 4. 9. g it. (2 #0' 
6:, r. C, - e../È2. ;$. (i. 04y,r) - h; g. (47) 
(45) 
i 










A oa h A ° f `d 
i/-&-e) .fo° 
C2 ("4 ` 




Su "d titutinv expressions (49) in (47), the stress components are found to 
be 
i%7- 










"--19 Z o a 7 a 27/L4 
"--19 
., 
/ n 4 
.0 /c / "dr9 (/ e) 
A comparison of equations (51) and ( x,(f) will illustrate the fallacy il? 
aPplying Bre,hte results to multiply-rtoanneated senti.ono 
101 a 
By manipulating the te,o in expressions (50) the stress components can be 
written in the manner shown below (equations (52) ) m This is done for 
ease of comparison with the work of A. Lubineki which is discussed in 
Appendix Bo 
° 1 A /VA 11 ir I 3 aaó' !'t P-- a=L 
A 4pa m0,a744)196a 
m i1 
6 ./ f,/ , 4`,rs° $¢ ' qela 1
t; -a ° á 
1 
çÁ_/ 
IL, The effeec of compleie drainage at radius c where 42.4C46o 
(52) 
The problem is now considered where a concentric drainage ring at radius 
C reduces the pore pressure from at d4-,a. to zero at r C a The 
distribution of pressure which can be deduced from equations (33) is given 
by 
¿7"" in the region 
O in the region 
t e 
(53) 
The two regions will be referred to as "wet" and °dry4t respectively. 
The general equation (43)g which is applicable for any distribution of 
pressure, is s 
dt: a v %? r d ¢ uhf' ®a (43) d r° dr r A-0 ar 
Substituting c. a: C 2/6 becomes: 
yu re 50 
i 
Thus from equation (39) it_ 
and equation (43) becomesf; 
where denotes 
c102- 
F ! , a e tS' 4 nil e tie 
and 3 ® denotes 
d l', 
Figure 50 shows diagrammatically how 1b db and 
(54) 
vary with respect 
to t v $ varies linearly with t" in the wet ragion and is equal to zero 
throughout the dry region, Thus '6 has two gradients with respect to t 
so that }i' is a step function. A 
e 
9 the gradient of Ai with respect to t 
is equal to Pero throughout the wet and dry regions, but equal to 74 00 at 
t s ,/r eta. (or where P e ) 
The solution of equation (44), which is effected by the Laplace trans- 
formation methods, is shown in Appendix Co 







o e.4 4,44 
NO -47%). e ? /vy e/a 
where Q.. e g 
a. e 
Substituting a et 
9a r 
Ls` /, m e 
equation (45) 
, (?'ali 









/ &°y f 
Lis'°'° - a/9 (5-61) 
Applying the boundary oonúiticns 
- /3- 17/e 
tri 
to equation (46); 
m4 ///-'7,) é /- 
0 
6-44 
(1) a P°` á a- - 
0 
tag 4 /.24 
Thus F solving for and s 
For a completely rigorous expression of0; the step function ile/".-0 should 
be differentiated and the terme 
111(/- 
4cs- 
. (. ,a.,, 
added to the equation (56b). 
_6,.4901 a , <r° (cif) 
However9 r,y'('rm 7, being the derivative 
of a step function, is equal to zero at all points except at P e where 
ILit is infinite. At this point the remainder of expression (57) is zero, so 




-) k db a 
6(/- i /l mB 2/i 
44, 
fi-k) f:j 
N g (3 
a 
( / 4°(04dOe (1/-k91-j- 2.14. 
0 
Inserting the values for ,4), y and 6V., in equations (46) R the stress 
components are fount. to bey 
, J.-2k t9f ! 6 ,s4 f z 
2e !9 c ! 
11% 1;4 - 2174( o 4)1 
h(/-2 ( ° )]#(r .m a) 
. 
/I ` m 
2,1"/ ° 0.)8 
n (1- .2 c0 m 
46-09)4ie/al 
214/7 alp ®(io i:)] 
gle/6 9 tokfi,f^ 0-4 m (T8ß) 






where; from equation. (3 ) 
hs9 




j 6 r Q G I" s.: e 
jira a r A 
M. The efféct of an i.mermeab:ls m.erbrarne at radius e where e d, 
The problem is now considered where an impermmable membrane exists 
within the cylinder at radius s, so that the pore áressure is equal to 
the internal applied pressure An in the region ca. r s e 9 and is equal to 
zero in the region e s The membrane is assumed to be sufficiently 
elastic compared with the material of the 9ylinder9 to have no constraining 
effect. Its sole function is to prevent the radial flow of water. 
As in the pre-,,bous wx.auple of the oesafinen ta.i.o drainage rings, the substi- 
tution / i Gi e in the go7'nxe^fing equation (43) gi.veaé 
where denotes c tSr ati rb denotes e, ell' 
The pressure function has been defined asb 
s 
, 
in the region a. .st.` 
(59) 
.fia 0 in the region e 4 r 4 
Figure 51 shows diagrammatically how /6 9 pia and p vary with respect 
to e o Sin e /5 is a step function A° is equal to zero throughout the wet 
and dry regtonsg but is infinite at rs C o /6 is also zero throughout 
both regions but at r - C it tends to minus infinity on the side /'LC and 
to plus infinity on the side t'^ > C 
The solution to equation (54) for the particular values of (59), is 
again effected by the Laplace transformation method and. is shown in 
.n ÿ0 rÿ - 
Appendix D. 
P.rom. Appendix Dg the value of A' is found to loea 
e t C69 dlI 6 ie)e ep J ? ¿® z4).7 (t F') 
where4 as before and 6 are arbitrary constants? 
Substituting ° a e in equation (6o) 3 
/=á AIQ id 8, - Ee6' Ó ae (63.) 
Substituting equation (61) in equations (39)? the stress components beoomeô 
° 
h 
Rd4e a /', 
I/ (f---e) ° 
(62a) 
(62b) 
The last two terms of expression (62b) are equal to zero throughout the wet 
and dry reg:.onsp and at e they are equal respectively to plus infinity 
and minus infinity. It is show, in Appendix E that the integrals of these 
tvo terms ara equal in magnitude but opposite in sign so that they cancel 
out 
Applying the boundary oonditionsa 




to eapreee?on (62a the arb tirar l constants ara found to bea 
j ) A jM' ®a f' a u/3ô / 
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Figur-e 53 
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value o].? e '{;!':e stress components are found to be: 
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Illustration of Results. 
9 pp f 




The three problems which ',lave been solved for various di.st.raauti.on : or 
stress are illustrated hr,. Figures 13, 54 and 55 for a gßt.'_ora of a cylinder 
ox internal radius a = 1 uniti and external radius .A . lo units. 
Figure 53 shows the stress. distribution (given by equations 5:1) for a 
harmonic pressure distribution and for ssomparisoint the distribution given 
by ChQ.rarv.eils. (equations 34) by the application of %r e.ttz' theory. it 
is seen that this latter method giTE's ma..r"?.ni,:sm stresses considerably in 
excess of the true values. 
Figure 54 illustrates the stress components given by equations (58) 
for the r,ase of a:^onwerstri.o drainage ring within the cylinder at radius 
c::. ,,:r units. The stress distribution giy?en by the application of Qxuhtiz' 
theory is also shown. 
Figure 55 illustrates the stress components gTve.n by equations OW 
for the case of an impermeable membrane within the cylinder at radius C:::57 
i tarii.iu:o The stress distribution given by the application o.e B.rahtz' theory 
I9 also shoe;-n. 
Restating the conclusions of Chaptel.e 6 and 7 ragami1_ng Bra.htv «aánarWA:ïs 
its applicability i,s confined to si,vnly--conne:ted bodies in regions of 
haxmon i:.c pressure distribution. 
APPENDIX A 
EVALUATION OF THE CONSTANTS Ai B AND C IN EQUATION (3?) BY CONSIDERATION 
OF DISPLACEMENTS 
The radial and tangential displacements? 64 and V respectively must 
be expressed in terms of rio e and the arbitrary constants 11,6 and C. 
The components of radial? tangential and shear strain (respectively) 
can be expressed in terms of the radial and tangential displacements? 66 
and V as follows 
, 
77. 
Using Hooke's law the strain components can also be expressed in terie 
of the stress componente 
a 
11)- 
4 o - (/-i- rr- 7 
2 el" /j7/1 6,19 * 
From (ia) and (iia)? substituting the ex-pression(3?) 
1._ 
0 The analysts is derived from that given by Timoshenko and. Goodier (Theory 
of Elasticity? Second Edition? Chapter 4, Section 29) for non-porous rings 




(e, -I - 11-.2 I 
C(.4-1-a-21,") 11(i- 2 r 09 I? 7 
and integrating with reenact to 
(1 Zfre'll- ) r/i,r, 
/-2(/- a-2/2 
where 1q0) is a function of e only.- 






and substfAuting from (37) and (iii) 
- 
1." 44JP 41/-- 499 a 
integrating with respect to 6-3) 




whereif(:) is a funcion of 6'-)only0 
For a system of symmetrical stress distribution the shear stress Tro 
is zero therefore is also zero. Thus, substituting (iii) and (iv) 
in (ic) 
4 ar:LH le-i) aiLer) .741N de --1. itf,-) i at, tt4,- 
1- 
frm which, by separating functions of P and 8 
6 being corztants. 
(y) 
511bot:D.tu'G :YZ°, £3xr.i'8:s`3iC,ns (tr (U1,) and (iv 
f lj;. r 278,-- Z7,7 t,4 -2 to ter( a- 2 1.09 
¢ 21)1%/`Adr /- ,L ° 6°J 6 (vi) 
1 
2 1 ¡- -202 
b A7/t- (vii) 
Considering now the section of acy'linde=°g from symmetry dtspl.acements 
.;:,),,; occur only in radial pla.nes. V must therefore be zero for all values 
<w c. 
It follows from ( vi1 ) that 
p a;l Or- ¢ 7 , 
6 
For a non-porous bcdyA the pore-pressure terms involving 
and aogdO 
However? Puhek'© pore press'are exists 
. 
°`s 
201) g ® 
/)4,---2e57) ..Z 
1/2) 0- Li- - 




--, 111 - N 
Tho two remaining eemAavItf3 1 and C must now be detomnined from the 
botAndary 
APPENDIX B 
THE THERMAL ANALOGY METHOD OF ARTHUR LUBINSKI 
Lubinski's work has been published in tha Proceedings of the Second 
U.S, National Congress of Applied Meehanics Pages 247 to 2561 under the 
heading The Theory of Elasticity for Bodies Disolaying a Strong Pore 
Sructure". Lubinski illustrates the similarity between problems involving 
thermal stress and problems involving pore preasure wad devises a method by 
which the solution to the latter type of problem can be deduced from a solu- 
tion to tho former in geometrically similar bodies. His paper takes into 
account not only the elastic proPertiea of tae porous medium treated as a 
homcgeneous material but also the elastic properties of the interpore 
matter 
Lubinski's Stress-Strain Relation. 
The stresses in a porous material are coasidered to be of two typos 
microstresses which are the stresses in the Yn4erpore materia1 and 
macroetresses which are the aerage stresses on Plane sections through 
pores and interpore material i.eQ7 the macrostrass is the common colleen° 
tion of stress in concrete or rock when they are regarded as homogeneous 
materials. 
The relationship between macrostress and miorostress is then 7 according 
to Lubinskl 
macrostress= microstress 0--)0 
Iwhere I Is the volumetric porosity or the sectional Porosity of a plane 
eection. The writer does not agree with this roIaion for the same 
reasons tha ,; objection was made in Chapter 4 to Lubinaki's or_Prescion for 
the body for-co 3eAlsod by pore pressure. Lubinsk's relation between 
Cotess and 12:%0YGOOS do,,d not ik Lio a:..count ihe .,ntornal struc;- 
ture of concrete and natural ro.Jks of simila ructure in whioh the inter - 
granular bonds or ligatures are responsible for the deformation of the 
material. In such materials the microstresses in the ligatures are quite 
different from the microstresses in the granules because of the muh smaller 
cross-seobional area of the formor and since Lubinski's analysis concerns 
only microstresses caused by pore pressure the relation which should be 
Ased 3s 
macrostress .L% miorostress&-4 
where fl is the area factor which has been discussed at length in Chapter 4. 
Lubinski's ultimate results are still valid if 6 is substituted for j. 
The strain caused by a constant pressure /3 all round the body and 
inside the pores is? by Hooke's lawi 
z 
where ,F and are? respec.41,Fely? Young's modulus and Poisson's ratio of 
- t 
the interpore material and A is a microstress. 
If the same body is made impervious so that no pore pressure exists 
within the pores then the strain caused by an all round pressure is 
I 
iE 
whore E ana p; are? respectively? Young's modulus and Poisson's ratio of 
the porous material and A is a macrostross. 
To obtain a general stress-strain relationship for a porous body stress 
md strain are each considered to be composed of two parts. One part of 
the stress? a miorostress is related to the corresponding part of tho 
''The numbers of the equations correspond to those in Lubinski's paper. 
strain by the e 
is expressed in 
macrostress is 
- 114 
wsti a oosctexzt,° of the interpore materi::. i., This relation 
equation (`?)a The second part of the stress, which is a 
related to the aozx°esponding part of the strain by the 
elastic constants of the porous material. Denoting the cofl71Pan©Skts of this 
N BJ AJ 
jQacrC3`,.''tieüs by 0,rf DCIF/ and efi and the corresponding components of 
Jil 
strain by 'd and 6v the relations between them ares again by 





fJ J , ? j 
The total strain being the sum of the two parts of it.na.inp it follows 
(6) 
: 
B Gp J/ Gp 
6'9 y/ ° [/ ¡y (s ' 
/-2 3 h 
7 e ' (7) 
' 
CNN k 2 
6-2 1-7 (i.; Y 
dil 
Further since mavrastreas is egt:al ro. miorasúrees (whore 










` d -, 
Solving for ir B de a1 - and substituting into 7 / á 
- - 
Lubineki's basic stress-strain relationships are found to be 
iseo5, 
wh.ere 
0-4 j 1) r .6 
) 
6-7")] (// - (.5? - 1.5 
Er: 46, 
(9) 
is the ratio of the Kompressib51ity of the interpors material to 
the tompressibility of the porous material This oan be determined by 
measuring the contraction of jacketed and unjacketed speoimens of the 
material subjected to an all round hydrostatic; pressure0 
hx,1):12 with Thermal StressesQ 
Lubnski compares his expressions (9) to Timoshenko's stress-strain 




yí/ (rf 67,j1 T 
éz,if is T 
(u) 
where 0( is the coefficient of thermal expansion and / is the temperature. 
By maki 
/ 
ng c( and 7 ./Y 7 expressions (11) are 
identical to expressions (9) This is the basis of Lubinski's therma2 
1._ 
analogymethod of solving problems of porous bodies. He points out that 
the analogy between pore pressure and thermal problems is not complete 
simply because of the similarity of th e. stress-strain relations9 and he 
Pee on to establish what adjustments must be made to the terms of a thormn1 
- 116 
analysis. 4o account for the boundary and body forces its pore pressure 
problems. These adjustments are finally set out in a table from which it 








Body forces (for displacements 
and stresses) ®6!_/) at' 
a!E T 
( / -2 tel 'j Al 















Stress equal in all directions 
(for stresses only) 
/ 
[ i ) J °°/ o( L __ 
The chief merit of this method lies in overcoming some of the dif- 
ficulties of integration which can be met in the solution of pore pressure 
problems by more conventional methods; many thermal problems have been 
solved and the results have been published so that it is only necessary to 
refer to these results and make the necessary adjustments to obtain the 
solution to pore pressure problems for geometrically similar bodies. 
Lubinski's Solution to the Problem of Radial Drainage i.n a Cylinder. 
As an illustration of his method Lubinski gives the solution to the 
problem of radial drainage in a porous cylinder based on Timoshenko's 
solution for the thermal stresses in a similar body of solid material. 
Lubi.nski's expressions for radial and tangential stress are: 
I_ 
6r = i-, ; A. Q22 m .2 
=' a2) r b 




1 /71 Ze--: PA Z 2(r 11 a-2) ) 4? 341 - J4 
' 1=p9 / 7- L 4 -.)/a 73731--45.7) r -a 
1 
dr 
'I 16/a ai- a9 c ' / » 4 - (//6;- -/V ' 
The corresponding expressions died by the writer ares 
7, /1 (1-211) 
4 - 








74. /7 66, /44) hrZA 
/er 
It will be noted that the only difference between these expressions9 
assuming that Lubinski''sj denotes the area factor and not the porosity9 is 
that in the former case the first term of each expression is multiplied by 
whereas in the latter case it is multiplied by )7. 
Terzaghi has shown that for concrete, under ideal laboratory condi- 
tions is less than 1/2009 so that might be safely ignored in Lubinski's 
expressions if it assumed that a concrete cylinder is being considered. 
There is apparently still a serious discrepancy between the two sets of 
results if a or is appreciably less than unity. 
There is in fact no discrepancy at all once it is realized that 
is equal to 0 by the following reasoning. 
Lubineki has pointed out that /5 can be measured by noting the contrac- 
tion of jacketed and unjacketed specimens of the material subjected to a 
laydrostatitt pressure Writing this in symbols: 
Aie - ;5776,1. .e 
where ¿ is the measured strain in the jacketed specimen w:? th no ;yore pres- 
sure and ce is the measured strain in the unjacketed specimen which is also 
the strain in the intorpore material. Furthermore, the contraction in each 
case is proportional to the applied macrostress which is constant throughout 
the specimen, so that 
61 n) 
° `. - e, ° h) 
Thus it is seen that /1 is equal to 1/ -/ 
The-above argument holds good whether J is considered equal to /, or 
to the porosity, for if the latter, then the macrostress in the unjacketed 
specimen must be taken as /5(/i' - J) 
From the relation which has been established, it is seen that the last 
term of Lubinski's expressions (9) is equal to zero, a fact which he has 
obviously not realized, especially since in a numerical example he has taken 
/3: 0.25 and Jr. 0.15. Replacing (/-M by j in his expressions (33), 
it is seen that they no longer contain any elastic constants of the inter - 
pore material, and they are identical with those derived from more simple 
principles by the writer. The only fault in Lubinski's analysis is in his 
conception of the factor) . 
/3 has only been measured under ideal static conditions and the value 
of J or /7 , as discussed in Chapter 4, is still in dispute; but whatever 
values are chosen for these constants they are always complimentary frac' 
tions of unity. 
Lubinski's table could bè amended for more convenient use by replacing 
by 
C J) , but it is convenient to retain the term (ie /3 _ ,0 in 
expressions (9) to provide a basis for the analogy with thermal stresses. 
The solution of equation (54) 9 
for the case where 
If 
AP1 FïbDIti C 
F nQet ia/ / i 0i ( 
l 
in the region 
i.n the region 
e 
ear 0bnt / 
a r 
07^ 49 ediA 4 69 ) 
( 54 ) 
% 
is a function of t 4 the Laplace transofrmation of 1(é) which is 
denoted by j() 9 is defined in the following manners 
1 6 = Ç e - Altiefe) de where m is a positive integer. 
3 






/11 z rn r s s (integrating by parts) 
D D 
where Jr and are the values of f ax.d when ¿ o 
iii) is a step function (see Chapter 7, Figure 50) with the values 
b d a 
in the region 12 e 
ON, 0 L/¡9C/A, 





- 3;=.0 .._ 
&JEa`'i - 
integrating by parts, is 
(9- e 
'(- 
r ( i F, Srt ` 
,` L 




Substituting the transformed xpressions into the original eáuatT.c=n (54) 
I 5 " 9 f :; ' ha e , h ; t " al , hd - eh e 
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Applying standard transform tables value of is found to be 
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This is the required solution Fia texms of the variable n 
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THE INFINITE TERM OF EQUATION {6W 
Examining the latter two terms of equation (62b), #121...C) cr 
the derivative of the step function 6165----e) , is, by definition, an 




a f o 67or in Z. G' R° 
(/1- e) / for C t' 
a. !¡,. 6) or (r m has the properties: 
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The functions are illustrated in Figure 52. 
In the last term of equation. (62a), is also an impulse function dr 
because / is a stop function. If differs from 16r.--C) in that it has 
the value minus infinity at t` e in accordance with the sign conventions 
which have been adopted. There is the further difference that 44 is the 
derivative of a step function whose finite value is A rather than of the 
unit step function `fr_ c)) whose finite value is unity. The difference 
a 
is only in the value of a constant A® such that: 
. 
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Thus it has been shown that the latter two terms of equation (62b can 
be expressed as impulse functions. To determine the effect of these terms 
in equation (62b), the value of their integrals must be considered, 
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If jq9") is a colétin'9.,(°liÇz function of r in the neighbourhood of y'° .e 
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Applying this property to the above integrals 9 the first has the value 1,1J,ß,6 
and the second has the value zero. 
See Chapter XI of reference 60 
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